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RESEARCH ON FREE ELECTRON LASERS

W. B. Colson

Berkeley Research Associates, inc., P.O. Box 241, Berkeley, CA 94701

1. Introduction

The research carried out during this contract has resulted in several review talks
and five publications. The work has been done in close collaboration with colleagues
at the Los Alamos National Laboratory, Lawrence Livermore Nationzl Laboratory,
Lawrence Berkeley Laboratory, and other free electron laser (FEL) facilities.

The research includes the derivation of better high-efficiency equations for
describing the FEL in the strongly saturated regime. The equations retain much of the
simplicity "of the old theory, but are accurate for high energy extraction. ~The
dimensionless parameters of the equations are used to describe the LANL and LLNL
FEL experiments. In a publication, the importance of the dimensionless current
density j is emphasized for describing many diverse FEL physic .. arfrcts.

The effects of waveguides on the FEL radiation interactc.. are derived and
presented in this report. The ELF FEL amplifier used a waveguide and is used as an
example. It was found during the study that the gain spectrum of high-gain amplifiers
like ELF can have sharp spikes. The spikes are not related to the use of a
wavequide, but are an important result of this contract. A review paper invited by
SPIFE discusses some the techniques used to simulate FELs of many different kinds.




In the weak-field regime, the derivation of the FEL integral equation is presented
with some simple cases solved. In the limit of low current, the integral equation is
used to derive relationships describing aain degradation in terms of the FEL lineshape.
A major FEL review paper was prepared and published in the Proceedings of the
SPIE. Many of the topics covered in research during this period are presented in the
review.

in order to use the FEL integral equation to undulator the affect of beam
distributions on the FEL interaction, several distribution functions describing realistic
electron beams are derived {rom first principles. Then, the characteristic function for
each distribution function is derived. The characteristic function gives a good
understanding of the effect of bearn quality on the FEL bunching process and gain.
Another publication explores the gain degradation of FELs with several sample beam
distributions. The integral equation is used to understand the gain spectra observed in
the Paladin experiment at 5m undulator length.

A method is developed for using the integral equation to give the evolution of the
phase-space distribution function when the beam quality is poor. The integral equalion
itself does net contain information about the electron beam, but can handle continuous
distributions of arbitrary shape. The resulting phase-space distortion is reconstructed
using the solution of the complex field evolution. The integral equation and the related
phase-space evolution are used to explain the formation of plateau’'s in the gain
evolution of Paladin at 15 m length. This is an important result of the contracting
period.

A large review paper is prepared for North-Holland Publishing Co. describing
many aspects of FEL theory.

2. FEL Equations for High Efficiency

The FEL equations used previously are the self-consistent pendulum and wave
equations. They provide a simple model of the FEL that is valid in strong and weak
optical fields for high and low beam current. The assumptions required to derive the
simple form of the equations are v 1 and N » 1 where ymc? is the electron beam
energy, and N is the number of undulator periods. Since the most important aspects
ot the interaction take place near resonance, the changes in the electron energy,

Ay iyoare small when N 2 1, and the FEL efficiency is low. For high efficiency, in the




tapered undulator or in a short undulator with few periods, the changes in the electron
energy are expected to be large. Below is a derivation of the generaiized FEL
equations where N can be large and the FEL efficiency can large.

The electron motion is determined by the Lorentz force in the combined undulator
and radiation fields. For the helical undulator, the field is

B = B (cos(koz) , sin(kez), 0) )

where Ay = 2n/kg is the undulator period, and B is the peak field strength. The
corresponding etectric and magnetic components of the radiation fields are

E = E (cosy,—siny,0) , B =E (siny,cosy,0) , )

where vy = kz—ot+9, A =2k = 2rc/w is the optical wavelength, ¢ is the optical
phase, and E is the radiation field strength.

The transverse velocity components of an electron in the fields (1) and (2) are
found by noting that the right side of the Loreniz force equation is a perfect time
derivative over one undulator period where B and E remain substantially constant.

The transverse electron velocity, cB’L, is
N K . : A
B, =- Y [ cos(koz), sin(kez), 0]+ 7 [siny,cosy,0] , (3)

where K = eBAy2nmc? is the dimensionless undulator vector potentiat,
A = eEx2nmce? is the dimensionless optical vector potential, and e = lel is the
electron charge magnitude. Typically, the value of K is near unity in most FELs. The
constants of integration have been set equal to zero indicating perfect injection into the
undulator; imperfect injection is considered later. Using (3), the electron energy
change is

y= %{1 = KA osiee) (4)

where the election phase is { = (k+kg)z—mt, and { = dy/dt. The combination of
v 2 =1-2-32 and (3) gives the exact electron phase motion,

;KA (2(0(:)0—2(:)7; +(x)02—2;2)(2(.)(1)0—(1)’;“1)02 ycos(L+0) (5)
> (0+0)2(1+ K= KA sin({+¢)+A?) '

where o = koo The bunching mechanism for an initially random beam arizes from




the important relation 'C'oc cos({+9). In order for bunching to develop, the electrons
mMust be near resonance where C: 0. Near resonance, the FEL frequency is
o = B,0y/(1-B;), and in the relativistic limit o » wq. Furthermore, it can be shown that
AMIX _ (Ng/N)? where Ng is the number of synchrotron oscillations of trapped
electrons along the undulator length. Typically, A™* ~ 10 so that K > A for even
the strongest optical fields. In high efficiency FELs where the undulator is altered to
maintain resonance with trapped electrons that lose significant energy to the optical
wave, the untrapped electrons can drift far off-resonance. Allowing that Q is far from
rescnonce, but with the restriction C < wp, the electror: motion is accurately described

by the simpler equation
;:(1—‘3v/4nN)Ialcos('§+¢) , {6)

where ( O ) = d{(..)idt, 1= ct/L is the interaction time over the undulator (1 =0 — 1),
v =L is the electron phase velocity, and lal = (4xN)2KA/(1+K?) is the dimensionless

optical field amplitude.

In this formulation, electrons trapped near resonance, v =0, are described
accurately, while untrapped electrons far from resonance, v — 4nN, are handled less
accurately. However, the untrapped electrons are expendable since they become
randomly spread in phase as well as uncoupled from the bunching interaction, as can
be seen in (6). For electrons near resonance, the bunching rate is determined by the
field strength lal. When lal <« «, the optical field is considered weak, and bunching is
imperceptible. When lal > &, the electrons bunch rapidly, and become trapped in

at the dimensionless synchrotron frequency vg = lal'?, and there are Ng =vg/2n
oscillations in time At = 1. Integration of (6) can be accomplished numerically on a
small computer, or analytically in some specific cases. Because (6) is slowly v;rying,
numerical t-steps can jump over several undulator periods. When N > i, so that the
FEL efficiency is not too large, /6) simplifies further to take the form of the pendulum
cquation.

An FEL that goes far into saturation should be tapered to improve its efficiency.
Tapering can be added to the basic FEL cquation of motion (6) by adding a phase

acceleration, o0 The equation becomas

v oodw (1 - 3vwdnN Y lalcos(l46) . (7)




The amount of taper in the resonant energy is then Ay,/y, = &4nN.

In order to have a self-consistent theory, the complex, time-varying field envelope,
LE(t),0(t)), is allowed to vary slowly over an optical period (E <« 0k, q'><< nw). The
transverse beam current, J|, is the sum of all single pariicle currents, but an average
over sample particles, <..>, can be used if weighted by the electron density p. The
current is then J, = —ecp<B’l>, and the slowly-varying wave equation can be written
as

io .
g—(%—lz—ZRecKp<(e"C/y)> . (8)

From the electron dynamics, the dynamic Lorentz factor is given by
v ™' = (i-vi4rN) v3' with the static, resonant Lorentz factor ¥, = (@(1+K?)/2we)"2.
Then, in terms of the electron phase and phase velocity, the wave equation becomes

o

a=-j<(1-vanN)e'*> (9)

where the complex dimensionless field is a = lale’®, and the dimensionless current

density is
j=8N(enKL)%p / ydmec? . (10)

The current j determines the coupling between the electron bcam and the optical
wave, and is the most important dimensionless variable describing an FEL. Without
current j = 0, or with no bunching <..> = 0, there is no change in the initial optical field,
a(0) = ap. When j < 1, the FEL gain is low, and when j > 1 the FEL gain is high.
The combined equations, (6) for each sample electron and (8) for the light wave, are-
valid for weak fields (la! < n), strong fields (lal » x), low gain (j < =), high gain
(j > =), low efficiency ( <Av> « 2rN ), and high efficiency ( <Av> = 2zN ). The,x':'filling
factor”, F="area of the electron beam"/"area of the optical mode", can be added to the
dimensioniess current, j — jF to describe the optical mode coupling. When the FEL
is tapered, the wave equation is not altered.

In the linearly polarized undulator, each electron experiences fast, periodic
oscillations that are comparable to the radiation wavelength and modify the interaction
strength in the fundamental and higher frequency harmonics. To account for this
reduced coupling, the dimensionless current j should include the factor (Jo(8)—J,(5))°

whore %« K42{1+K?). For LANL with K = 0.55, the reduction factor is {Jg-J )% = 0.9.




For LLNL ELF experiments and the later Paladin experiments K =1, so that the
reduction factor is (Jg—J4)? = 0.85.

3. LANL Oscillators and LLNL Ampiifiers

The parameters describing FEL experiments at LANL and LLNL are only j and N
in the above equations. All other quantities, like lal, ¢, {, and v are dynamical, and
depend on j and N. For the LANL FEL oscillator, N = 40 while for the LLNL ELF FEL
amplifier, N = 30. The values of the dimensionless current j are obtained below.

The early LANL FEL {B. E. Newnam, R. W. Warren, R. L. Sheffield, J. C.
Goldstein, and C. A. Brau, Nucl. Instr. and Methods in Phys. Res. A237,187 (1985)]
had a beam current of / = 40 A with a beam energy of ymc? = 21 MeV (y = 42). The
undulator was L =1 m long with wavelength A, = 2.73 cm, peak field strength B =3
kG, and N = 37 periods. The dimensionless current density was j = 3.6.

The newer LANL FEL [R. W. Warren, D. W. Feldman, B. E. Newnam, S. C.
Bender, W. E. Stein, A. H. Lumpkin, R. A. Lohsen, J. C. Goidstein, B. D. McVey, and
K. C. Chan, Nucl. Instr. Meth. Phys. Res. A259, 8 (1987)] has an improved beam
current of /=130 A with the same beam energy (21 MeV). The beam radius is
r, = 0.1 cm so that the new beam density is p = 8x10''. The electron pulse length is
I, =05 cm and is o, = 12 slippage distances in length. The beam energy spread is
still Ay/ y=2%. The FEL undulator is the same as in the last LANL FEL. There are
N =37 periods of Ay =2.73 cm wavelength with K =0.55. The resulting resonant
wavelength, A = 10 um, is the same as in the last LANL experiment. The optical
resonator is also the same as in the last experiment, and is described by a Rayleig
length of Z5; =63 cm and optical mode waist of wy = 1.4 mm. The resonator loss
results in @ Q =50. The dimensionless current describing the new experirr?'ént is
J == 50 and is significantly more than before.

The LLNL ELF experiments at A =8 mm and 2 mm, used beam current of
/ = 1000 A at ymc? = 3.5 MeV energy (the Lorentz factor is y = 7.8) [A. L. Throop, T.
J. Orzechowski, B. R. Anderson, F. W. Chambers, J. C. Clark, W. M. Fawley, R. A.
Jong, A. C. Paul, D. Prosnitz, E. T. Scharlemann, R. D. Stever, G. A. Westenskow,
and S. M. Yarema, Experimental Characteristics of a High-Gain Frec-Electron Laser
Amglificd Operating at 8 mm and 2 mm Wavelengths, presented at AIAA 19th Fluid

S G AKX IR ON A N BN BN BN B SN B B EE e BE Em e




Dynamics and Lasers Conf., Honolulu, HA, June 8, 1987]. The electron beam size
was elliptical in the transverse directions described by x, = 0.6 ¢m and y, = 1.2 cm,
and extended over /, = 30C cm in length. The emittance was ¢ = 0.07 cm-rad with an
effective energy spread of roughly Ayy = 6%. The undulator length is L =4 m with
period A, =9.8 m, and peak field B = 1700 G. There are N =40 periods. The
tundamental waveguide mode area is A, = 7.5 cm? so that the filling factor is
F=024. The FELs dimensiorless current is j = 5700 with an electron density of
p =10"". The amplifier used an input power of P,, = 30 W so that the dimensionless
initial field is ay = 0.3 with wavelength A = 2 mm.

The Paladin experiments first used a L =5 m undulator, then later increased it to
L =15 m. The 5 m experiment [D. Prosnitz, T. J. Orzechowski, J. K. Boyd, G. J.
Caporaso, F. W. Chambers, Y. P. Chong, H. W. Clay, G. A. Deis, W. M. Fawley, R. A.
Jong, B. Kulke, J. L. Miller, V. K. Neil, A. C. Paul, L. L. Reginato, D. Rogers, Jr., E. T.
Scharlemann, J. T. Weir, S. Yarema, K. Halbach, and W. B. Colson, "Using the Gain
Spectrum to Determine the Beam Distribution in the LLNL 5m Paladin Experiment",
presented as a poster at the Ninth International Free Electron Laser Ccnference,
Williamsburg VA (September 1987)] used an electron beam with Lorentz factor y = 85
and current / =600 A in a radius of r, = 0.6 cm. The undulator length of L =5 m
contained N =62 periods of ;=8 cm wavelength. The undulator strength was
K =0.875, and the laser wavelength was A = 10.6 um. The optical m>de waist was
wo = 0.6 cm with a Rayleigh length Z, =2 m. The electron beam particle density is
p = 10"" so that the dimensionless current is j = 50. With an input power of 1 MW,

the initial dimensionless field is a, = 2.

The 15 m Paladin experiments [D. Prosnitz, T. Orzechowski, et. al., American
Physical Society Meeting, Baltimore, MD (April, 1988)] used a beam of i =600 A
again, but with the energy increased so that y= 91. The beam radius was 7, = 0.5 cm
with density p = 1.6x10"". The longer undulator cor‘ained N = 187 periods with K = 1
(B =1957 G) and Xy =8 cm. The radiation wavelength was % =10.6 um with a
Rayleigh length of Zy=5 m and waist size wy = 0.6 cm. There are two betatron
oscillations along such an undulator. The input power could be 14 kW or 5 MW,
corresponding to dimensionless fields, aq = 2 or a, = 38. The dimensionless current

density descrnibing Paladin at 15 m is around j = 1200.




4. Parameterizing Physical Effects In FELs

A paper was prepared for the Ninth International Free Electron Laser Conference
in Williamsburg, VA, Sept. 14-18, 1987. The paper shows the value of the
dimensiot.less variables j, {, v, and a that have been developed for the theory
presented earlier in this report. The reference is W. B. Colson and J. Blau,
"Parameterizing Physical Effects in Free Electron Lasers", Nuciear instruments and
Methods in Physics Research A272, 386 (1988).

In the paper, the parameters describing the free electron laser (FEL) experiments
from 1976 to the present are brizfly summarized. The dimensionless current density j
is important for determining the relationship between experiments ana evaluating many
FEL effects. Developing a consistent description of all the diverse FEL systems starts
with the electron phase in the combined unduiator and optical field forces. Over the
entire undulator length, the nonlinear coupling between the electron phase and the
electron phase velocity uniquely defines the dimensionless optiual field strength. The
dimensionless current density j is then the resultant coupling between the averaged
electron beam phases, and the dimensionless optical field strength in the wave
equation. The gain regime of each FEL can be simply identified by ;.

Many FEL effects can be expressed simply in terms of j. The importance of
optical guiding is given by jzg 2 m where z,="Rayleigh length"/L. The spectral
linewidth expected in an FEL oscillator after n passes is given by = (njN3)~"2 The
number of plasma oscillations in the FEL beam is given by (j/NK?)'2. In the high
current regime, both saturation (strong optical fields) and inhomogeneous broadening
are determined by (j/2)'°. In weak optical fields, FEL dynamics depend only on the
parameter j. and the distribution of initial elecwron phase velocities. The FEL integral
equation method provides a way of systematically evaluating the effects of an arf)itrary
distribution of eclectron phase velocities.
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PARAMETERIZING PHYSICAL EFFECTS IN FREE ELECTRON LASERS

W.B. COLSON and J. BLAU

Berkeley Research Associates, P.O. Box 241, Berkeley, CA 94701, USA

The dimensionless current density j is important for determining the relationship between different experimental systems as well
as evaluating many FEL effects. Mulumode operation in the FEL oscillator is expressed in terms of a mapping dep:nding only on

and the resorator Q.

1. Introduction

It is usually desirable to i1dentify a few dimensionless
variables that summarize reoccurring combinations ¢/
physical parameters in a complex problem like the free
electron lacer (FEL). Dimensionless variables can fur-
ther be used to gain insight into relevant physical
processes without reference to detailed calculations or
simulations [1]. A particular choice of variables is pre-
sented here that has proved useful over many years of
research on several different FEL oscillator and ampli-
fier experiments.

2. The electron phase {

An outline of FEL theory {1] showing how the
dirnensionless current j develops starts with the elec-
tron phase in the combined unduiator and opticai field
forces. The force on a relativistic electron in ar undula-
tor field with wavelength A, is

ikor(r)
B, aKe .

where ko =27/}, 2(t) 15 the electron z position,
K =eBAy/27mc?, e is the electron charge magnitude,
m is the electron mass, ¢ is the speed of light, and B is
the rms undulator field. Electron bunching, coherent
erussion, and high efficiency all require that the elec-
tron energy y(1)me? and the electron position z{r)
evolve 1n the presence of the copropagating radiation
The Lorentz force gives the rate of energy change
y(1)ox B, Ec K et IE ltitimwive)

=KE el e

te

where the optical fiel! strength 1< £ with carner

frequency w = ke = 2= A and phase ¢. The eleciron
phase.

f= (b8 )t wr

D168-9%0¢1RY 503 50 © Lisevier Scienve Publishery BV
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1s a function of the fixed wavenumbers & and k, so
that the only dynamical vaniable in {(r) is z(7); in the
relativistic limit, k >3 ky, { is the electron phase in a
section of the beam one optical wavelength long, 4¢ =
(k+ky) dz=kd:.

3. The electron phase velocity » =¢

Evolution of the light and electrons iakes place while
they both propaga:e through the long undulator with
many periods N =L/A,» 1. The average clecuon
evolves for a time L/B,c, where B;c is the average
electron z velocity. In a relativistic beam 8, = B, = 1 so
that the common interaction time is L/B,c = L/c for
all electrons. We chose the dimensionless time ==
S,ct/L=ct/L, 50 that a pass through the undulator is
described by r=0—1. Even the faster ligat wave,
traveling at speed c. evolves for nearly the same time as
electrons, 7=0~i—0O(y 3+ --- =1. Other time-
scales defined by the plasma frequency in a relativisitic
beam, or the high-gain exponental growth-rate in the
case of large j, can become important in a specific FEL
experiment. But, instead of making a commutment to a
i1 .e-scale that may, or may not, be relevant, we use
=0 — 1, and relate other effects 1o the evolution time
over which they might oc.ur, L/c¢; the to:al evolution
time is always important.

Using the time 71, the electron phase velocity be-
comes

v(r) = L{(k+kg)R (1) = k] =),

where (-°-)=4d(--)/dr. When » =10, the electron ex-
periences rescrant opuical cnd undulawor field forces
which maximize coupling. The resonant FEL wave-
length 15 idenufied as A = A (1 + K°)/2y" As with the
simple perndulum, the pair of phase-space coordinates
($(rr, » (7)) provide a natural and useful chowce
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4. The dimensionless optical field a

Both the electron phase and phase velocity evolve in
ume governed by the Lorentz force equations of mo-
uon. In the himut of large N (implying low efficiency),
the phase and phase velocity are coupled by the dimen-
sionless complex optical field a = |aje'® through the
pendulum equauon,

00

P= {oc=|alcos($+o), 1)

where ja| = 4NemKLE/y*mc®. When |a| ~ n, there
is visible electron bunching in phase space after a single
pass through the undulator. When |a| < 7, the bunch-
ing 1s impercepuble, and the optical field is weak. When
|a| = =, the optical field induces a phase spread over
several opucal wavelengths and bunching is diminished;
this 1s saturation in strong optical fields. The trapped
electrons in strong fields execute synchrotron oscilla-
tions about the phase #/2 with frequency |a|'/? in
urits of r, when |a] =4n? there is one synchrotron
oscillation along the undulator. When eq. (1) is ex-
tended to include corrections for higher efficiency, the
coupling between ¢ and v 1s stll given by the dimen-
sionless field a.

5. The dimensionless current density j

The cvolution of the light wave is governed by the
transverse optical wave equation driven by the trans-
verse beam current J, . An individual electron in the
beam contributes a current in proportion to its trans-
verse motion —ecB, ¢'*°*. The slowly-varying field en-
velope a(t) can only respond to the average current in
a small volume clement a few wavelengths of light long,
and weighted by the electron beam particle density p.
The wave equauon for the dimensionless optical field
envelope i1s then

d= =y %), (2)
where (- - ) is the average over sample electron phases
¢. and the dimensionless current density is

) =8N(enKL) p/y’mc?. 3)

It 1s j that determunes the response of the optical wave

to bunching in the beam. The dimensionless current

provides the coupling between the electron beam and
the hght wave so that each gain regime can be simply
identified by y; when ; <1, the FEL gain is low, when

; » 1 the FEL gain s high.

In summary,

- The 1denuficauon of the electron phase { and the
dimensionless interaction ume r leads directly to the
corresponding electron phase veloaity v = {

The coupling between the electron phase and phase
velocity, the cause of bunching, 1s given by the di-
mensioniess optical field a = jaje'®.

- The response to bunching, i “oupling between the
bunched electron beam and the light wave. s finally
determined by the dimensionless current ;.

Each definition is found to be physically meaningful

and useful in the evaluation of FEL effects.

6. FEL experiments described by j

Table 1 summarizes many of the relativistic (y > 5)
FEL experiments from 1976 to the present. The Incation
and date of the experiments are given in the first
column; no date is given for the last eight expenments
that are planned for the future. The electron beam
current I (A), given in amperes, and the electron beam
area #r? determine the electron beam density p = 3 x
10° I(A)/ecnr?. (There are two practical corrections to
the value of j listed in table 1 that are not defined in
¢q. (3): the “filling factor”, describing optical mode
coupling by the substitution j — j(r2/wl) where w is
the optical mode radius; and Bessel function factors for
linearly polarized undulators [1}). Notable in the list is
the small range of dimensionless currents j that have
been explored so far; exceptions are the low currents of
the storage ring devices, and the high currents of the
ELF experiments at LLNL. Below are some examples
of important FEL effects that can be expressed in terms
of j. Only the basic physical concepts are outlined
without detailed derivation. The scaling in termns of
physical parameters like /, N, K, and y are also given
for each example.

7. Gain determined by j

Two operating regimes with high and low gain are
cxplored in the experiments reported in table 1. The
weak-field coupling between the electron beam and
light is maximum when the initial phase velocity is at
resonance, ¥(0) = vy = 0. The FEL gain that might re-
sult from good coupling is defined as G =g}/ad -1,
where ag is the final field amplitude at 7 =1, and 4, is
the initial field amplitude.

In the low-gain FEL, where j < 1, the maximum gain
is G =0.1355 at vy = 2.6. While the maximum coupling
occurs at resonance, the energy lost and gained by the
electron beam cancels so there is no net gain; operating
off resonance upsets this cancellation and allows useful
nonzero gain. There is no significant optical phase shift
in the low-gain regime. The natural gain spectrum
bandwidth is Av = 7 about vy = 2.6 with a correspond-
ing range of optical wavelengths AA/A = 1/2N.

In the high-gain FEL, where j » 1, the maximum
gain is G = exp{(//2)'7>¥3]/9 near resonance v, = 0.
There is significant optical phase evolution, ¢(r) =
(7/2)!*2/2 In the ELF expenments of table 1, ; = 10*
so that G = 10'? and A¢ = 37 The natural gain spec-

111(a). GPNERAL THEORY
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Table 1
Free clectron lasers

11 -

FEL ’ Y N Ay K A wy J Comments *'
(A) (cm) (pm) (cm)
[2) Stanford ‘76 0.07 48 160 12 0.72 1 0.3 2 First A, RF. H
(3} Stanford '77 2.6 86 160 32 0.72 34 0.3 6 First O, RF. H
[4] Stanford '80 . 85 160 33 0.7 34 014 3.6 O.RF.H
{51 LANL 82 20 40 37 2.7 0.55 11 0.16 1.8 A.RF, L.
§=10~x
{6] MSNW /Boeing '83 3 38 91 25 0.44 11 0.16 28 A.RF, L.
§ =337
[7} TRW/EG&G '83 10 50 75 36 063 11 017 1.6 A.RF. L
{8) LANL ‘84 40 40 37 2.7 0.54 11 0.15 36 O.RF. L
[9] TRW /Stanford ‘84 2s 130 153 36 0.97 1.6 0.1 34 O.RF. L.
§=4x
{10] Orsay ACO '84 0.03 326 17 7.8 1.2 065 003 0.000> A.SR, L.
D =100
{11] Novosibirsk "84 7 686 22 6.9 27 0.62 0.03 0.06 A, SR, L.
D =280
(12] Frascati ENEA "85 2.4 4 50 2.4 0.35 11 0.1 0.14 O.ML
[13] Orsay ACO "85 0.2 432 17 7.8 2 0.63 0.03 0.004 O, SR, L.
D =100
(14) UCSB 85 1.25 68 160 3.6 0.11 400 1 0.35 O.V.L
[15] INFN LELA ‘85 0.018 1224 20 12 35 0.51 0 0.00006 A, SR, L
{16} LLNL ELF "85 500 7.5 30 9.8 2.8 8700 1.5 9000 A IL L
[17] LANL 86 130 40 37 2.7 0.56 11 0.14 53 O,RF. L,
. 6 =187
(18} Stanford Mark III '86 20 87 47 2.3 1.5 31 0.07 32 O,RF, L
[19] LLNL ELF 86 850 69 30 9.8 25 8700 1.5 14100 A IL L
{20] LLNL ELF Tapered '86 850 6.9 30 9.8 24 8700 1.5 14400 A IL L.
6 =50n
{211 LLNL ELF 87 1000 7.8 40 9.8 1.1 2000 1.5 7200 A/IL L
{22] Boeing/Spectra "87 100 223 229 2.2 1.3 0.5 0.06 687 O, RF, L,
. §=92n
{23] Rocketdyne/Stanford ‘88 20 75 80 25 0.61 30 0.08 62 O, RF, L
{24] Bell Labs S 24 50 20 0.93 240 2 2 O,M, H
[25] BNL 22 588 39 6.5 23 0.6 0.07 0.25 A SR, L
{26] United Kingdom 10 118 76 6.5 1.9 n 0.3 8.9 O, RF, L
{27] LANL XUV 100 400 750 1.6 0.79 0.08 1.6 414 O,RF. L
(28] Duke Urnuversity XUV 270 1958 422 6.4 1.6 0.03 006 37 O,SR, L
{29] NBS XUV 2 363 130 2.8 1 023 004 G.6 O.M L
{30] LBL/BNL XUV 200 1470 870 2.3 26 0.04 0.03 1360 SR.SRA. L
[31] Beijing PRC 15 40 S0 3 1 11 0.1 s O.RF. L

8 RF - f linac accelerator, IL - induction linac accelerator, M — microtron accelerator, SR - electron storage ring, V ~ Van de
Graaff electrostatic accelerator, H ~ helical undulator polarization, L - linear undulator poiarization, § = # - tapered undula.or
FEL, D= 2 _Kkiystron undulator FEL, A - FEL amplifier, O - FEL oscillator, SRA - superradiant amplifier in a jong.

singje-pass undulator.

trum bandwidth 4y =7;'/® about resonance with a
corresponding range of optical wavelengths i1s 4A/A =
;7% 72N that scales as AA/A = 1778 /(y N2,

8. Plasma oscillations determined by
In the high-gain regime described above, interpar-

ticle Coulomb forces play no role. The high-gain regime
15 truly collective, however, since the electrons influence

each other through the changing optical field. Coulomb
forces can be incorporated in eq. (1) as an additional
force depending on the longitudinal position of all other
electrons in each optical wavelength [1). It 1s then found
that plasma oscillaions can occur in the beam as it
passes through the undulator; the number of plasma
oscillations 1s
1,2

=('—‘j'“) . (4}
87 ' NK -

Nppasma
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Even in the LLNL ELF expeniments with the highest 4,

Nptasma = 0.6, and gives only a minor effect. The scal-
ing 's Npiasma & NUI/Y)2

9. Optical guiding determined by j

FEL opucal guiding can occur when the hugh-current
clectron beam alters the propagation of the light wave
and continually focuses it back into the electron beam.
The optical phase evolution in a distance dz along the
undulator is d¢, = (jrl/2w§)'/? dz/2L including the
filling factor. Natural diffraction produces a phase shift
of the opposite sign, dép= —dz A/mwd. If the FEL
interaction is to offset natural diffraction, we must have
d¢, 2 d¢ so that a large optical wavefront collapses to
approximately the electron beam size. Making the rough
estimate wg = 2r, to simplify the optical guiding condi-
uon, the optical mode areca that can be propagated
without diffraction becomes

, 4LA

TWH = —— | (5)
Iz

The mode area becomes smaller as j is increased, and is

independent of L since j = L’. The scaling in eq. (5) is

wo & I71/* showing that phase guiding requires a sub-

stantial current.

10. Optical linewidth determined by j

The spectral linewidth in the FEL oscillator is nor-
mally determined by mode competition among many
closely spaced wavelengths in a long overmoded reso-
nator. The initial spontaneous spectrum has a width
Ar(k)=2n centered around resonance v(k)=0. The
gain bandwidth is smaller, A»(k) =7 centered around
»(k)=126. After many passes n, the power at wave-
lengths near peak gain of G =0.135, begin to grow
substantially compared to wavelengths with less gain,
and the spectral linewidth expected is

2w
(nj)”"

assuming negligible losses. After n =10 passes, the
spectrum of a moderate gain oscillator with j = 5 nar-
rows by about 107 The spread in wavelengths scales as
AA/Ax 1 /(aN R

Ar(k) =

(6)

11. Electron beam quality requirements determined by j

Many expenments use an imperfect electron beam
with a range of imual phase velocities o = Ar ) that are
compurabie with the FEL's natural gain spectrum band-

width. The competition between the coherent bunching
and random thermalizing can compietely alter the prop-
crties of the FEL interaction and, of course, reduce the
gain. In strong optical fields where the FEL interaction
induces a large phase-velocity spread, beam quality is
less important.

In the case of low gain and weak fields, o <= s
sufficient to avoid significant gain degradation. The
critical spread in energy scales as Ay @ N~' showing
that a longer undulator increases the FEL's sensitvity
to electron beam quality.

In the case of high gain and weak ficlds, the ex-
ponential growth-rate of the optical field is large so that
bunching can compete better against random thermali-
zation. The critical spread in the high-current Limit is
o, = ;' for large current, j ~10%, o, can be almost 10
times the low-gain critical spread. The high-gain critical
spread is independent of L, since ;& L’ and o, = 4v,
« L, and scales as ~ I'/3 /y.

12. The onset of saturation determined by ;

In the FEL oscillator, the optical field grows to
saturation over many passes of amplification; in the
FEL amplifier, the optical field grows to saturation in a
single pass. In both cases, the gain decreases from its
weak-field value when the optical field is strong enough
to move some electrons by ~ « with respect to other
electrons.

In the case of low gain, the onset of saluration
occurs when the field amplitude is a, = 7. The change
in the bunched beam's phase velocity is determined by
the height of the phase-space separatrix v =4dal’? =
27. Since 4v = 47 NAy /vy, the natural efficiency is n =
1/2N.

In the case of high gain, the onset of saturation
occurs when the field amplitude is a, = 2(;/2)/’. The
dependence on j in the high gain case results from the
altered eclectron dynamics in eq. (1). Forvj=10*.
saturation occurs at substantially stronger fields than in
the low gain case, a, = 2007 » v. The corresponding
change in the bunched beam’s phase velocity is Ar =
2(j/2)'/? so that the natural efficiency is n, =
(j/2)'/27N_For j=10%, theefficiencyis m, = 5 /2 N.

13. Multimodes in the FEL oscillator determined by j
and Q

The FEL equations of mction, eqs. (1) and (2.
depend only on the inttal values a,,. v;, ¢ =0, and the
dimensionless current ;. the initial electron phases are
randomly spread. In the overmoded FEL oscillator. the
optical field 1s free to take on any value consistent with

Ilay GENERAL THEORY
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# of modes

4 Q 20

Fig. 1. On the left is the intensity-contour ploi of P(j, Q), with larger values of P druwn brighter and a scale at the top. The
corresponding plot of the number of modes in the FEL oscillator is shown on the right.

the physics determined by the equations. For modes
above threshold, the power will grow to saturation as
determined by the resonator losses. To describe losses,
the optical power is taken to decay as @ e™"/< over
many passes n in the absence of gain. After many
passes n, saturauon decreases the gain/pass to equal
the loss/pass, so that the final steady-state power and
mode structure can only depend on j and Q.

On the left of fig. 1 is an intensity-contour plot of
the final steady-state power P(j, Q)=al. For each
point on the (j, Q) surface, a multimode simulation
runs for many passes n until steady-state power is
reached. Values of j and { resulting in large P are
drawn brighter with an intensity scale shown at the top;
contours connect points of equal power. At the lowest
values of j and Q, the oscillator is below threshold. As
either ; or Q is increased, the power steadily increases
reaching a peak field strength ap = 102,

After strong saturation, the trapped electrons ex-
ecute synchrotron oscillations in the closed-orbit region
of phase-space at the synchrotron frequency a2, When
the beam current oscillates at this new frequency, side-
bands are formed around the carrier frequency. The
presence of sidebands increases the opticai power, and
causes even more sidebands to form.

On the nght of fig. 1 1s an tntensity-contour plot of
the number of modes in the final steadv-state spectrum
of the simulauon followed on the left. A value of (/, Q)
resulung in more modes is drawn brighter with the scale
shown at the top At only the lowest values of ; and Q
15 single mode operation possible. At the highest values,
there are maore than 10 modes present Simulations at
selzcted values of 1, () show that when there are more

than ~ 4 modes, the FEL spectrum appears chaotic,
and continues of evolve. The field strength where mul-
timode behavior starts is seen to be a%? = 2#, just the
value needed 1o start synchrotron oscillations!
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5. Waveguide Effects In the FEL

Some applications, like the medical FELs, could make use of longer wavelengths
like A =100 pum up to Tmm. The LLNL ELF FEL, the UCSB FEL, and the Hughes
FEL, all use waveguides to counter the detrimental effects of free-space diffractions
with long wavelengths. Designing an FEL to operate at long wavelengths can lead to
the consideration of a waveguide to confine the wavefront from excess diffraction.
Free space diffraction can spread the optical wavefront away from the co-propagating
electron beam and reduce coupling. FEL coupling is proportional to the filling factor F,
sc that the dimensionless current density, j, should be replaced with jF when mode
coupling is important. The filling factor, F, ic the ratio of the electron beam area to the

optical mode area whether in a waveguide or free-space.

The natural distance for a light beam of wavelength A to double its initial beam
area, mwé, is the Rayleigh length nwd/A. Comparing this length to the undulator
length L defines the dimensionless Rayleigh length zy--ww@/LA. Without a
waveguide, the optical wavelength is determined by the resonance condiuon,
A = ho(1+K?)2y 2 where K = eB\y/2rmc? is the undulator parameter, Aq = 21/kg is the

1

i

i

i

|

1

|

i
undulator wavelength, and ymc? is the electron beam energy. In a waveguide, the

I resonance condition can be modified, but remains roughly correction with the FEL is
far above the waveguide cut-off frequency. The Rayleigh length becomes

l zo=2rwdy J(1+K?)NAEZ, and expresses how an FEL with a low energy electron

I

i

i

i

i

i

i

i

beam gives a short Rayleigh length.

For any FEL design, the filling factor should be near F =0.5 for optimum
coupling. if the electron beam is larger than the optical mode, F = 1, then much of
the electron beam does not see the optical wave and does not bunch. This par’th of the
beam is lost. If F <« 1, the electron beam only amplifies a small portion of the Eptical
wavefront and the coupling is poor. At long wavelengths, the optical mode tends to be
much larger than the electron beam so that coupling is small. The filling factor could
be increased for an optical wavefront of any size, if the electron beam size is
increased. But, as the electrons move oft of the undulator axis, approaching the
undulator magnets, the field strength B increases and deflects electrons back towards
the axis causing betatron oscillations. The extra transverse motion decreases the z
velocity of the relativistic electrons and changes the resonance condition. The change
in the electron  phase wvelocity in a imatched beam with radius r, is
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Avp = 47tN(Kkorb)2/(1fK2). Gain degradation begins when the beam radius is large
enough to cause Avg = . The limit on the beam radius for good coupling is then
r, < (1+K?%)"2py4nKN'"2. For K =1, we have r, < 0.01%, or for K « 1, we have
r, < 0.01AyK.

IA

A

When natural diffraction spreads the optical wave away the electron beam the
filling factor is reduced further; assuming the light remains in the lowest order
Gaussian mode with its waist at the center of the undulator, the average filling factor
over the undulator length is F = Fo/(1+1/122§), or F =cél(zg+1/1225) where
o, = Ip(n/LA)"? is the dimensionless electron beam radius. Typically, 6, =1 in an
FEL, but the following arguments are independent of that value and only depend on
the Rayleigh length z,. For zo — 0, F — 0 and coupling — 0, because the optical
wave spreads away from the electron beam at the two ends of the undulator; for
zq — =, F - 0 and coupling — 0 again, because the wavefront is too large compared
to electron baam. The maximum filing factor, F ™ = Fy2, or F ™> =32, occurs
at 2™ =(12)"2, The maximum s relatively broad in z, and F ™ drops to half of
its peak value, 3622, at z, = 0.11 and 0.75.

The restriction on the spread of electron phase velocities, or the beam radius,
together with the requirement of good coupling, or large filling factor F, gives a
restriction on the Rayleigh iength in terms of y and N. To relate r, and wg, assume
that the filling factor is not too small, say F > Fo 2 0.1, so that wo < 37,. Then, the
dimensionless Rayleigh length is limited by z5 < ¥ 2itK2N?. Either a low energy beam
or a long undulator can limit z, to a small value and decrease the filling factor. The
limit is relaxed when K is small, because the electron beam can be expanded to
support a wide optical wavefront without much diffraction. But, the FEL gain is small
with small values of K; recall that G « K%. Gain degradation begins to occur when
the coupling is reduced by small values of F. The peak value of F, V302, decreases
to less than half its value when the limit above restricts z, < 0.1. Therefore, an FEL
design requires

v KN72 (11)

so that natural diffraction does not significantly decrease the interaction strength. An
FEL with tow electron beam energy and a long, strong undulator, requires a
waveguide for good coupling strength. The inequality above is then well-satisfied:
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vy=42 3 KN/2 = 10. if the wavelength of the FEL is pushed up to A = 100 um by
decreasing the electron beam energy, then the new Lorentz factor is y = 13. For the
values of K and N, the inequality is not dramatically satisfied, y= 132 KN/2 =10,
and a waveguide can be considered to improve or maintain coupling. At longer
wavelengths yet, the waveguide probably becomes necessary.

If an FEL requires a waveguide for good coupling, there is a change in the FEL
resonance condition. In a single waveguide mode, the cross-section of the mode can
be used in the filling factor to estimate coupling to the mode. The electron beam size
should be close to, but smaller than, the radiation cross-section for best coupling.
Assuming the electron beam is on-axis, the mode should have a transverse electric
field on-axis as well. Higher order modes will average to smaller coupling if the
electron beam size is not much smaller than the mode. |f the FEL gain is not too
large, higher order modes might be below threshold, or out of resonance with the gain
spectrum bandwidth. The following analysis can help determine this coupling and
resonance.

Waveguide modes are separated into two classes: TE - transverse electric modes
where the longitudinal component of the electric field E, = 0 everywhere, and TM -
transverse magnetic modes where the longitudinal component of the magnetic field
B, = 0 everywhere. The time dependence of the waveguide fields is taken to be
= 6710l with longitudinal dependence o e¥/Z At the waveguide wall, the TE mode
boundary condition is B,” = 0, while the TM mode boundary condition is £, = 0. The
waveguide cross-section and boundary conditions specify an eigenvalue problem with
a number of eigenvalues A,,, where p,g =0,1,2,3,.... are eigenvalues that specify the
mode. For a given frequency, the wave equation in the waveguide determines the
wavenumber k,, for each value of pq,

k2 =0%c? — Ay . (12)

When the frequency is below cut-off, wic < A,q, the wavenumber kyq is zero, or
imaginary, and mode does not propagate; m,, = CA,, is called the cut-off frequency of
the waveguide.

*iKpg 2 —iwt

All  waveguide modes have the form £, e The backward

propagating wave, £, « e"k"qz, results in an FEL interaction at rather long

wavelengths. It can sometimes be of interest, but most applications of the relativistic
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FEL interaction seek shorter wavelengths. Therefore, the backward propagating wave
is not discussed here, and we concentrate on waveguide modes with form

Ei o e+/kpqz—/(nt

the electron motion in the periodic undulator field, we have the best coupling. The

. When the polarization of the waveguide mode is chosen to match

form of the transverse electron motion is By o eik°z where Ay = 2wk, is the undulator
wavelength. The fourth component of the Lorentz force equation governs the electron
energy evolution and bunching. It has the form ;:x BLE, < ei(k°+k"q)z_i(°t, and
naturally defines the electron phase { = (ko+k,q)z—0t where ko, Koq, and o are fixed
by the FEL design, and {(t) follows the evolution of z(t). The corresponding phase
velocity is o C Generally, the electron phase and phase velocity evolve over the
whole undulator length L so that it is natural to relate the time ¢t to the evolution time
L/cB; = L/c in the relativistic FEL with electron beam z velocity B,. The natural
definition for the electron phase velocity is then v = L{(kotkpq)B,~w/c]. The electron
phase velocity v(t) depends on k,, Koq. ®, and L, which are fixed in an FEL design,
and follows the evolution of the electron z velocity B, (¢).

The electron motion in the periodic undulator and interaction with the waveguide
mode are resonant when v=0. This occurs at the resonant frequency
0" = c(kotkpg)B, where koq = (0*%c? — A2 )2 The equztion can be solved for &*
in terms of ko, kpq, and B;, and ine eigenvalue Apg depends on the waveguide
dimension and shape. For the rectangular waveguide with sides a and b we have

p? 12
A =n| 5 + L , (13)
Pq { ag b2 ]
where p,q =0,1,23,...., but not both p =g =0. For the circular waveguide with
radius R, '
_ *pg
Apg = - (14)

where x,, is the gth root of Jp'(Xpq) = 0. For both waveguides, the cut-off frequency
[ Gy = CAgy. Assuming a circular waveguide with R = 5mm, the lowest order mode
gives roughly Aqgy -~ =/A, and a cut-off frequency g, = cr/R + 30GHz.

The  radiation  phase  velocity in  the waveguide mode s given by

v, o cllsc’n®%2b%0’ 1) where we take the short wavequide dimension to be
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b = 5mm. The radiation group velocity is given by v, = ¢(1-c?n%2b%w? +...). The
slippage distance of the field nodes over the electrons is s = (vp—v)Lic where
v, = c(1-(1+K?)/2y ?) is the electron z velocity.

Expanding in A,, gives the form of the phase velocity v = v% + Avp, + .... where
v® is the old phase velocity definition without waveguide corrections,
v = L[(ko+a/c)B,~w/c], and Av,, is the first order waveguide correction in Apg. The
old, unperturbed resonance condition, v{® =0 gives the resonant frequency
©” = cky/(1-B,) = 2y 2ckol(1+K2). A relativistic FEL that is near resonance w ~ »* for
maximum coupling, has a shift in phase velocities caused by the waveguide,
NAEAZ (1+K?)

TN
where N =L /X, is the number of undulator periods. The shift in resonance is
negative, and diminishes when y — «. In a rectangular waveguide,

Avpg = - 15)

R ANM(+KY [ p2 2
AVpq = B ‘Z—z*‘%z‘ (16)

If a circular waveguide is used, the shift is

Xpq r
R
The ELF FEL experiments at LLNL in 1985 provide the first results of an FEL
operating in the high-current, high-gain, high-efficiency regime [T. J. Orzechowski, B.
Anderson, W. M. Fawley, D. Prosnitz, E. T. Scharlemann, S. Yarema, D. Hopkins, A.
C. Paul, A. M. Sessler, and J. Wurtele, Phys. Rev. Lett. 54, 889 (1385); T. J.
Orzechowski, E. T. Scharlemann, B. Anderson, V. K. Neil, W. M. Fawley, D. Prosnitz,
S. Yarema, D. Hopkins, A. C. Paul, A. M. Sessler, and J. Wurtele, IEEE J. Quantum
Electronics QE-21, 831 (1985)]. Thesc experiments used a waveguide because of the
long-wavelength of the radiation and the long interaction length. A free radiation field
with a mode radius comparable to the radius of the ELF electron beam would have a
Rayleigh length of Z, = n(2r, )%/ = 2.4cm; less than one tenth of the undulator length.

Therefore, ELF must use a waveguide to confine the radiation near the electron beam

N 28(1+K?)

' (17)

C
Av = -
Pq 8:’1'."{
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for further amplification. A rectangular waveguide, 10cm by 3cm, is used with the TE,
mode so that the electric field extends along the long dimension of the guide. The
undulator field is oriented along the short dimension so that electrons "wiggle" in the
long dimiension parallel to the radiation electric field.

The phase velocity of the radiation in the mode is given by
Vv, = c(1+c“n?2Y%w? +....) where the short waveguide dimension is Y =3cm. The
radiation group velocity is given by v, = ¢(1-c?n%2Y?%w? +....). In ELF, the operating
frequency, o = 35GHz, is far above the cutoff frequency, w. = cwY = 5GHz, so that
the phase and group valocities are close to ¢; v = 1.01¢ and v =0.99¢c. The
slippage of the field nodes over the electrons is s = (v,~v;)L/c =0.09L where
v, = c(1-(1+K?)/2y ?) is the electron z velocity. For ELF, the slippage distance is then
given by s = NA as in most FELs. This slippage distance is s = 24cm, or about
1/12th of the undulator length, and only 1/20th of the electron beam pulse length. In
one pass through the amplifier, information is transferred only over this small slippage
distance so that sections along the electron and light pulses evolve independently.

The TEqy, waveguide mode area can be estimated by averaging the field over the
waveguide cross section. The effective TEyg; mode area is roughly given by
Agy = 2XYim = 19cm? where X =10cm and Y =3cm. This high gain FEL s
amplifying a mode that has X = 10cm width using an electron beam of about
T. = 4mm radius. This mismatch, or "filling factor", F= rcrez/Am, has the small value
F =0.026. Since the bunching electron beam only amplifies the fight within the
electron beam cross section, the small filling factor, or coupling, could be changed as
higher order modes are excited during the FEL interaction. In the short direction, the
beam-mode mismatch is 7, = 4mm compared to Y = 3cm, while in the long direction
the mismatch is much greater, 7, = 4mm compared to X = 10cm. After th{é FEL
bunching time plus one or two e-folding distances, the next higher-order symmetric
modes in the long dimension could mix with the fundamental TE,, to reduce the mode
size and increase the filling factor. Therefore, for the later stages of the interaction
along the undulator, it could be more appropriate to use a larger filling factor as more
representative of the interaction coupling.
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6. Galn Spectrum Splkes in FEL Amplifiers

Recently, it has been found that sharp spikes can appear far from resonance in
the gain spectrum of high-gain, high-power FEL amplifiers with good beam quality. At
the spike, gain is larger than in the rest of the broad, smooth gain spectrum.

The FEL gain spectrum plots gain, G, against a quantity like the laser
wavelength, or the electron beam energy. The FEL gain spectra for (i) low gain in
weak optical fields, (ii) low gain in strong optical fields, (iii) and high gain in weak
optical fields have been understood for some time, and in each case, the curves have
simple, smooth shapes. Surprisingly, the next logical case, (iv) high gain in strong
optical fields, has not been explored, and is not simple or smooth. The high-gain,
strong-field gain spectrum can have sharp spikes located far from resonance
superimposed on a simpler, broad and smooth curve. The gain at the peak &i a spike
can be significantly higher than in the rest of the spectrum.

The figure below shows an example of a gain spectrum for the new case of high
gain and strong fields (j > =, lal > n). The initial field is lal =10, but the high
current density, j = 3000, increases the field to saturation lal = 4(j/2)%° = 500 near
the end of the undulator. Because the FEL reaches saturation, the gain is significantly
reduced from the weak-field, high-gain example with the same current. The
dimensionless parameters selected here roughly describe the ELF FEL amplifier at
LLNL, but with ideal beam quality.

j>>n, a|>>n 3000
G(vo) -

j

-30 Y 30

o

FEL Amplitier Gain Spectrum with a Spike.
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The surprising structure in the gain spectrum above is caused by saturation, and
the subsequent synchrotron osci'lation of trapped electrons. A slight change in v,
away from the spike causes the saturation peak to occur just beyond, or just before,
the end of the undulator.

The existence of gain spectrum spikes means that the maximum gain and
efficiency in an FEL amplifier occurs far from resonance over a narrow range of
resonance parameters. Any FEL amplifier design would normally seek high beam
quality so that high gain could produce saturation in strong fields. The discovery of
the sharp resonance for just these conditions means that the benefits of higher beam
quality may be underestimated.

The necessary conditions for the gain spectrum spikes are high-gain, saturation,
and good beam quality. If the LLNL ELF experiment had 5 times better edge
emittance, the spike could have possibility been observed. But, the actual beam
emittance "washed out” the spike. The LLNL ELF il or IMP experiments [4] have
substantially better beam quality than ELF, and may be able to observe the gain
spectrum spikes far from resonance.

7. SPIE Review of FEL Simulations

In this invited review article, the FEL provides a unique physical system for
analysis with computer simulations. The only physical constants needed are the
electron charge and mass, and the speed of light, in order to accurately represent
complex effects such as short optical pulse evolution, high-power saturation, diffraction
and optical guiding, electron phase-space evolution, noise, high-gain exponcntial
growth, and high-power multimode instabilities. The theory uses (i) the relativistic
Lorentz force for each electron in the combined optical and undulator fields, é'nd {in
the driven, transverse wave equation for the slowly-varying optical field envelope.
Depending on the kind of analysis required, the solution to the resulting equations can
be tounc analytically, salved on a small desk-top computer, or simulated on large
main-frames. Simulations continue to play an essential role in the desian of future

FEls as wal s in the undersianding of current expenments.

The publication reference is W B, Colson, Proc. SPIE 1045, 2 ¢ (19531,
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Proc. SPIE 1045, 2-9 (1989).

Simulations of Free Electron Lasers

W R Colson

Berkeley Research Associates, P.O. Box 241, Berkeley, CA 94701

Abstract

Free electron lasers (FELs) provide a unique physical system for analysis with
computer simulations. The only physical constants needed are the electron charge and
mass, and the speed of light, in order to accurately represent many complex physical
effects. Large simulations requiring CRAY computers have successfully supported
many large FEL experimeats, but most often, the irportant physical processes can be
simulated on small workstations.

Introduction

The tree electron laser (FEL) couples the energy in a relativistic electron beam to a
co-propagating optical wave with the use of a periodic undulator magnet [1]. In the
cscillator configuration, coherent electron bunching develops on each successive pass
through the undulator. Over many passes, the optical power stored in the resonator
grows to saturation. In the amplifier configuration, coherent electron bunches develop
rapidly in the first part of the undulator followed by large growth of the optical field. Due
to the simplicity of the fundamental FEL mechanism and experimental conditions, theory
and experiment agree over the wide range of parameters explored. Instead of
describing a large comprehensive code, a few simple numerical procedures are outlined
for small workstations. Two FELs, the oscillator at LANL {2,3,4] and the amplifier at
LLNL [5,6.7], are used as examples for simulations that can be performed on small
COMPUIRTS.

Electron dynamics in high-efficiency FELs

Tha Lorentz force equations determine the electron motion in the combined
snoadator and radiation fields. For the helical undulator, the field is

B =86 (cos(h,z), sinlk,) . 0) (1)
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where A, =2wk, is the undulator period, and B is the peak field strength. The
corresponding electric and magnetic components of the radiation tields are

E=E (cosy,-siny,0) ., B =E(siny,cosy,0) , (2)

where y=kz—wt+p, A =2k =2rnc/m is the opticai waveiength, ¢ is the optical phase,
and £ is the radiation field strengtt

The transverse velocity components of an electron in the fields (1) and (2) are
found by noting that the right side of the Lorentz force equation is a perfect time
derivative over one undulator period where B and E remain substantially constant. The
transverse electron velocity, cE’l, is

Y A
B, =—— [coslkqz), sin(kgz) , 0]+ — [siny, cosy,0] (3)
Y Y
where K =¢B 7\0/27rmc" is the dimensionless undulator vector potential, A = eE M2mmc®
is the dimensionless optical vector potential, e = | e | is the electron charge magnitude,
m is the electron mass, ¢ is the speed of light, and ymc2 is the electron energy.
Typically, K =1 in most FELs. The constants of integration have been set equal to zero
indicating perfect injection into the undulator; impertect injection is considered later.
Using (3), the electron energy change is
- dy KA
y="" === cos(tro) . *)
dt Y
where the electron phase is {=(k+ky)z—wt, and y=dvyd:. The combination of
v ™% =1-B2-p? and (3) gives the exact electron phase motion,
. KA(20)m0—2m§+m§—§2)(2mwo—o)i+m§)cos(C+¢>)
L= . (3)
(0)+0)0)2(1+K2—KA sin(C+¢)+A2)

where o, = kqc. The bunching mechanism for an initially random beam arizes from the
important relation { - cos({+¢). In order for bunching to develop, the electrons must be
near resonance where C:O. Near resonance, the FEL frequency is w =8, 0y(1-4,).
and in the relativist = limit o = wy. Furthermore, it can be shown that A™ ~ (N /N )°
where N. is the number of synchrotron oscillations of trapped electrons along the
undulator length. Typically, A™* -~ 107" so that K > A for even the strongest optical
tinlds. In high efficiency FelLs where the undulator is altered to maintain resonance with
trapped electrons that (ose significant energy to the optical wave, the untrapped
electrons can dnft far off-resonance. Allowing that { is far from resonance, but with the
reestriction 7 <7 m,, the electron motion is accurately described by the simpler equation

v (T 3vdaN Yy [a ] cos{lra) {

=
—
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where ( o y=d(..)idt, T=ct/L is the interaction time over the undulator (t=0— 1), v =E
is the electron phase velocity, and {a| = (4nN)2KA H{14+K Z) is the dimensionless optical
field amplitude.

In this formulation, electrons trapped near resonance, v=0, are described
accurately, while untrapped electrons far from resonance, v — 4N, are handled less
accurately. However, the untrapped electrons are expendable since they become
randomly spread in phase as well as uncoupled from the bunching interaction, as can be
seen in (6). For electrons near resonance, the bunching rate is determined by the field
strength |a]. When |a| <« x, the optical field is considered weak, and bunching is
imperceptible. When |a | > =&, the electrons bunch rapidly, and become trapped in
closed phase-space orbits. In strong fields, {a | 2 412, the trapped electrons oscillate at
the dimensioniess synchrotron frequency v = |a| 2 and there are N¢ =ve/2m
oscillations in time At=1. Integration of (6) can be accomplished numerically on a small
computer, or analytically in some specific cases. Because (6) is slowly varying,
numerical 1-steps can jump over several undulator periods. When N > 1, so that the
FEL efficiency is not too large, (6) simplifies even further to take the form of the
pendulum equation.

The wave equation in high-efficiency FELSs

n order to have a self-consistent theory, the complex, time-varying field envelope,
(E(t),6(r)), is allowed to vary slowly over an optical period (E <« @E, ¢ « nw). The
transverse beam current, 7, is the sum of all single particle currents, but an average
over sample particles, <..>, can be used if weighted by the electron density p. The
current is then 71 =—ec p<]3'l >, and the slowly-varying wave equation can be written as

d(Eei°)

y =—2necKp<(e “%1y)> | @)
r

From the electron dynamics, the dynamic Lorentz factor is given by y“ = (1-v/4nN) 70“
with the static, resonant Lorentz factor yo=(u)(1+K2)/2coo)"2. Then, in terms of the
electron phase and phase velocity, the wave equation becomes

[o}

a~=—] <(1.—v,’47cN)c—i§>

' (8)

‘° and the dimensionless ciirrent

vhere the complex dimensionless field is a = |a e

;o 'y T
censity is

Jj =8N (e rtI\'[,)zp / *{gm:i2 (9)
The current ;) determines the coupling between the electror beam and the optical wave,
and s the most important dimensionless variable describing an FEL. Without current
j 90 or with no bunching <..» =0, there 15 no change in the initial optical field,
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a(0)=a, When j < 1, the FEL gain is low, and when j > 1 the FEL gain is high. The
combined equations, (6) for each sample electron and (8) for the light wave, are valid for
weak fields (Ja | < =), strong fields (|a | > =), low gain (j < =), high gain (j > =), low
efficiency ( <Av> « 2mVN ), and high efficiency ( <Av> =2rN ). A practical correction
that can be included, j — jF, is the “filling factor", F ="area of the electron beam"/"area
of the optical mode*, describing optical mode coupling [8].

Initial conditions

Integration of (6) and (8) starts with an initial value for each { and v sampled in the
beam, and the field a, A large number of electrons enter the undulator randomly
spread in phase, {(0). To represent the “fluid" beam, a smaller number of sample
electrons are uniformly spread, but with a small additional random phase &( to
characterize shot noise. if the spread in the initial phase velocities is narrow compared
to the gain spectrum bandwidth, the electron beam can be considered pertect and
represented by a single value, v,. In strong optical fields, the FEL interaction induces a
large phase-velocity spread that can make an initial spread negligible. But, when.the
phase-velocity spread exceeds the gain spectrum bandwidth and the optical fields are
weak, the distribution of phase velocities, f (v), becomes important and can reduce the
FEL performance by degrading bunching. The random spread is determined by a
combination of the beam’s energy spectrum and emittance, and several types of
distribution function shapes can occur. An example is the "exponential” distribution [9]
that results from an emittance dominated beam with no external focusing in the
undulator,

Fev)=expl(v-vo)ioslog’ for vsvy , folv)=0 for v>vy . (10)

A symmetric radiai spread gives the asymmetric exponential distribution where
0, =4nNy28%/(1+Kk?) and B is the rms angle away from the z axis. A beam \iin
matched contributions from a spread in radial positions, r, and angles, 79 Kkor also
gives the exponentnal distribution.

A diificult case for simulations is the combination of poor beam quality, 6,2 &, and
large current. As the phase-space area occupied by the beam increases, the shot noise
contribution from the relatively few sample electrons can cause significant field growth,

and large values of j emphasize the error. Poor quality beams must use more sample
glectrons for accurate results.

Single-mode phase-space simulations

Probably the most useful tool for understanding FEL physics is the single-mode
phase-cnace simutation [10]. Many of the features calculated in more complete

l
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multimode simulations can be seen in this simpler, faster case. As an example of an
FEL interaction with poor beam quality, high current, and strong fields, figure 1 shows
the final (C,v) phase space distribution of a beam with an initial spread of o,=3r in an
exponential distribution. The electron beam currentis j = 10% in an initial optical field of
ap=4n. The initial phase velocity, or resonance condition, is at the value v, =4r for
nearly optimum gain under these conditions. The sharp edge along the top of the
distribution results from the sharp edge in the initial exponentiai distribution at v,. With a
perfect beam and in weak fields, the gain, G (1) = |a(1)| 2/aoz—1, for this current would be
exponential in t and would reach G = 10°, but poor beam quality and strong fields have
reduced the final gain to G =70. The slight oscillation in the growth rate near t=0.5 is
caused by the shape of the exponential distribution. The reduction of the growth rate
near t=1 is caused by strong field saturation. The optical phase shift, A¢p = =2, is
significant to the interaction.

*** FEL Phase Space Evolution *#% ..

3=10%  op= - a =4n v =4n = N=20

30

in(i+G) - - .

49

-n/2 ' g - 311:/2 o T 1

Figure 1. A single-mode phase-space simulation.

Strong fields are identified by “"over-bunching", when some electrons over-take
others complicating and diminishing coherent bunching. Because the field is strong in
figure 1, bunching is clear despite the large initial spread in phase velocity. Electrons
are trapped and have rotated by about one synchrotron oscillation around the stable
fixed-point { = /24,
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LANL FEL oscillator simulations

In some FELs, a single mode analysis is inadequate. An important example is the
LANL FEL oscillator that first demonstrated the effects of the trapped-particle instability
(11-15]. To generalize the previous equations to follow multiple modes, we follow
muitiple field sites along the complex wave envclope a(z) and the electron beam. The
extension to spatial modes, a — a(z), is completely equivalent to an extension in
longitudinal wavenumbers, a — a (k). All longitudinal distances are normalized to the
slippage distance, z/NA > z,sothata —»a,,vov, ,{ oL, _,and j - j,_. Thelight,
travaling at spocd ¢, cemans fixed in . while the slower electrons slip back by z—t at
time 1. The mode spacing is Av =2u/W where W is the number of slippage distances
used in the simulation. The site spacing Az can be made equal to the integration time
step At, so that electrons slip back one site in the calculational window for each time
step.

The LANL FEL is driven by short electron pulses from an RF accelerator. The
electron pulse has a length, ¢, =10, that is 10 slippage distances long, with a shape of
the form j(z) =j(1—222/0’3) for j(z) > 0, and zero otherwise; the peak current is j =-10.
in figure 2, the current density, j(z-t) (lower-left), is shown at t1=0 (dark grey), and at
=1 (light grey) after slipping back by Az =1 in the window of width W = 16. During the
simulation, a new electron pulse is injected into the undulator with N = 37 periods at the
resonant phase velocity, v =0. The electrons are uniformly spread with a small random
phase 8 = 107%. The emittance in the experiment is large enough to reduce weak-field
gain, and j has been decreased to reflect that degradation. But, the strong-field
features of the simulation are not significantly altered by the beam quality, and no
spread in v is included. The shot noise contributions start a small amplitude optical
pulse at peak gain. The single-mode gain spectrum, G (v) (lower-center), is shown for
reference. In the experiment, the rebounding optical pulse is approximately
synchronized to arrive at the beginning of the undulator coincident with the series of
electron pulses from the RF accelerator [16-18]. The amount of desynchronism,
d =107 here, is the displacement between the electron and optical puises at t= 0 each
pass; d is normalized to the slippage distance. The resonator losses are determined by
0 =20, so that without gain the optical power would decay as o exp(-n/Q) over n
passes. The optical pulse amplitude, |a(z, n)| (left-middie), evolves for n =640 passes
until a dynamic steady-state is achieved. The final optical pulse shape, |a(z)| (top-left),
shows a spiked structure as a result of the trapped-particle instability. The grey scale

above shows the peak field |a(z,n)] =210 in white, and zerc ficld in black with one
contour.
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®xx* FEL Pulse Evolution ***xx
3=10 0,=10 a=10"3 8(=10"% Q=20 N=37

la(z,n) |

R 1210 P (v, n) _ f(v,n)
1 Ty

640

-8 z 8 -50 v 500 n 640

Figure 2. Full pulse simulation of the LANL FEL oscillator.

The instability starts with the motion of trapped electrons in phase-space. As
substantlal current is trapped by a strong optical field, and oscillates at frequency
Ve = la } . the wave equation can drive multiple sideband frequencies around the
fundamental at vo £ vg. The field strength required to cause one synchrotron oscillation
is |a| =4n®=40. In stronger fields, the sidebands can mix further causing a chaotic
pulse shape and corresponding chaotic spectrum as can be seen in figure 2.

The average power per site, f (n) = la( )| (lower-right), has increased from noise
to strong-field saturation. The complicated optical pulse shape gives the muitiraode
power spectrum, P(v,n) (middle-center) with several sidebanas covering a spectral
width Av =8n. The strong fields broaden the electron spectrum, f (v, n) (middle- right),
and extract energy from the beam. The final pulse shape, power spectrum (top-center),
and electron spectrum (top-right) show the finai chaotic state of the FEL operation. The
details of the result cannot be reproduced when there are slighit changes to the initial
conditions, so that the agreement between theory and experiment should be confined to
their overall features. An important teature in the LANL FEL s the broad,
ArJb == Avi2aN = 10%, optical spectrum caused by the trapped-particle instability {2.3,4].

Periodic "wrapped”™ windows
When tha elestron pulse Ang optical pulse are long compared to the slippage
distance, asn the LANL FEL, periodic boundary conditions can be imposed at the ends
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of the window W in order to restrict the number of modes and sites followed [13-15).
The end effects of the periodic boundary conditions are considered non-physical and
inconsequential. Figure 3 shows the results of the same simulation as in figure 2, but
with periodic boundary conditions applied to a smaller window of width W =4. The
simulation in figure 2 required 4h running time while that of figure 3 required only 1h.
The detailed spectra and evolutions are different because a different number of modes
are sampled, but the most useful overall features are the same.

*xkxx% PEL, Wrap Evolution #**%x«

4=10 - 8=10"1 0=20 = N=37

P (v,
v

n)

800

0 n 800 —-63 \% 630 n 800

Figure 3. Wrapped-window simulation of the LANL FEL oscillator.

The simulation in figure 3 is intended to represent a small section from the middle
of the long pulse in figure 2. The current j =10 is uniform in z, and the variables o, and
d do not enter the long-pulse problem, but otherwise the simulation in figure 3 is run in
the same way as figure 2. The shot noise, 8( = 107, is now essential, since without
some source of noise, every site z would evolve identically, and no spectral features
could develop. However, the resulting steady-state solution is insensitive to the details
of the naice snurce. The chaotic pulse shape, power spectrum, and power evolution
P (n) all have features similar to figure 2. The peak field strength, |a | =210, found in
spikes is the same for both simulations. The large peak seen in the electron spectrum,
f{v.n), of figure 2, but not in figure 3, is caused by electrons near the front of the
efectron pulse that do not interact with significant optical fields.

LENL FEL amplifier simulations

In the FEL amplifier, a coherent input signal, sufficiently far above the noise level,

.

aetermines the Iongitudinal frequency of the optical mode. While longitudinal multimode
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operation may become important to some amplifier applications, it is generally less
critical than in the FEL oscillator. In a long undulator with high current, there can be
significant distortion of the transverse optical mode caused by natural diffraction and the
FEL interaction.

A coherent, freely-propagating optical wave of area 1rw02 will spread due to natural
diffraction over the undulator length L. The dimensionless Rayleigh range,
Zg =1rw§ / LA, compares the characteristic spreading distance to the unduiator iength,
and should be near unity to justify ignoring diffraction effects. If z, is too large or too
small, the FEL coupling can be signiticantly reduced. A low energy, long wavelength
FEL tends 10 have a sinall Rayleigh range, z,, in a long undulator. The mode waist, w,
cannot be increased arbitrarily to compensate, because of the off-axis undulator fields.
Therefore, an FEL design requires

vy 2 KN/2 (11)

so that natural diffraction does not significantly decrease the interaction strength. In the
LLNL ELF experiment [19], v=7, K =2.5 and N =30 so that the electron beam’s
Lorentz factor did not satisfy (11) and a waveguide was used. The waveguide alters the
propagation speed of the light wave, and the FEL resonance condition. For the LLNL
ELF experiment where A, = 10cm and the smallest rectangular waveguide dimension is
3cm, the waveguide shift is Avf{“’: =-6n for the lowest-order mode. This shift is
observable, but not detrimental to maximum gain. In a single waveguide mode, the
cross-section of the mode can be used in the filling factor, F, to estimate coupling to the
mode. The electron beam size should be close to, but smaller than, the radiation cross-

section for best coupling.

An example of transverse mode distortion in free space is "optical guiding”. In the
case of large current, j > 1, the transverse optical mode can be continuously distorted
by the electron beam, because of the large optical phase shift associated with the high-
current regime. This is an important practical advantage for the high-gain amplifier
configuration where natural diffraction would provide a limitation to a long undulator
length. When the FEL has large enough current for optical guiding to persist, the FEL
interaction must continually compensate for the phase shift associated with free-space
diffraction at each step At. The critical current density needed for optical guiding,

jo=3225° (12)

In the LLMNL ELF experiment, the electron beam is small enough so that a light wave
with a small Rayleigh length, z, = 0.1, could be matched to the beam at the beginning of
the undulator. The current density needed for effective guiding would have to exceed

.
b

1, 7 3.2.107. But, the ELF experiment is described by -25-10%, and significant
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guiding is not possible.

In both the longitudinal and transverse directions, the ELF amplifier tends to work in
a single mode, so that the simpler, phase-space simulation may capture the most
important features of the experiment. Equations (6) and (8) are valid for high j, high
power, and high efficiency as needed to describe the FEL. The fundamental gain
mechanism is still electron bunching, but the interaction is collective since all electrons
interact through the rapidly growing optical wave. In weak fields, the gain is
G () = exp[(j/2)*V31)/9, after a bunching time 1, =(2/j)". During the bunching time,
tELF =0.05, there is no significant gain, but final gain, G 2 10'®, is enormous. The
weak-field optical phase shift, ¢(t) =(j/2)”31:/2. can be as much as 2 3.5x for ELF, and
is a significant feature of the high-current regime. The weak-field gain spectrum
bandwidth is wider than in the low-current regime. If the gain bandwidth is defined by
the range of phase velocities over which the gain is reduced by 1/e, then we have
Av, :4/‘“6. It the gain bandwidth is identified by the range of phase velocities over
which the exponential growth rate is reduced by 10%; then we have Av, = ZtB =2j i,
For ELF, Av, = 2" = 20x.

Saturation in the high-current regime is caused by the over-bunching of trapped
electrons in strong optical fields just as in the low-current case, but at a different field
strength. Equation (6) shows thatata; = 2(;'/2)2’3 the electron phases can be shifted by
as much as Af =r causing the onset of saturation. For _]ELF =2.5x10% the saturation
field, a; ELF - = 350r, can be significantly larger than for the low current case, as has been
observed. The natural efficiency in the high current limit is n; = (j/2)"*/4nN. For ELF
with N =30, the natural efficiency is n; =0.06. In the high-current, strong-field regime,
about half the electrons are bunched near { = w/2—¢ so that the optical phase evolves as
d,) Jjla;, or 6= (//2)"31/2 again. Remarkably, the optical phase evolution in the high
current regime is roughly the same in both strong and weak optical fields.

Figure 4 shows a simulation of the ELF FEL with high current =2.5x10% an initial
field of a, =20, and N =30 undulator periods. The initial electron phases are uniformly
spread, but the phase velocities are distributed accérding to the exponential distribution
function in (10) with c,=15. The distribution peak is located at v, =30 for highest
efficiency. Ten thousand sample electrons are shown in their final phase space ({.v)
orientation. The bunching and trapping of the beam inside the closed-orbit area are
clear. The electron bunch has rotated several times around the stable fixed-point
{” =r2-0(1), while the optical phase has shifted {* through =2r. The positions of the
clectrons indicate the outline of the closed-orbits that have trapped most of the beam.
The weak field growth-rate is reduced by =20% by the large random spread ¢,. Gain in
the first third of the undulator is G =3x10%, or G (dB) =10log( G —1) =35dB. The peak

' . : 2 . 43 [ .
pownr at saturation, « = 4(y12) 7 =10, is predicted accurately, and shows the
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synchrotron frequency v = ajnz = 10n in the oscillations of in(P (1)/P ). The efficiency is
5% in good agreement with the analytical estimate above. The optical phase, ¢(1), shifts
at about half the predicted rate because of beam quality.

*%x* FEL Phase Space Evolution *##
J=25000 0g=15 a_=20 v_=30 N=30

ln(P/Po)

Figure 4. The single-mode phase simulation of LLNL ELF amplifier.

The tapered undulator design [20,21) can increase power beyond the saturation
limit seen in figure 4. At normal saturation, the electrons lose energy and drop out of the
gain spectrum bandwidth. But, resonance can be maintained by decreasing, or
“tapering”, the undulator wavelength A, along z, or the undulator field strength 8 along
z, or both. In weak optical fields, the electron’s equation of motion in the tapered
undulator is of the form v=29t+... where & is the artificial acceleration. The electron
equation can include an additional constant torque due to & on the right side of (6) as a
representation of tne eftect of tapering. In a sufficiently strong optical field, |a| >,
some electrons can be "trapped” in the closed orbits of the pendulum phase Epace
centered near the stable fixed-point {* =cos™’ (-0/}a|)—¢. In stronger fields, a large
fraction of the electrons can be trapped and continue to lose energy to the optical field.
If 50% of the electrons are trapped, the efficiency is estimated at n = §/8nN .

Figure 5 shows the single-mode simulation of the tapered high-current ELF FEL.
The currentis j = 2.5x10°, initial field is ay=20,0,=15 and N =30 as in figure 4. The
exponential electron distribution is position at resonance, v, =0, for maximum efficiency
in this case. The phase acceleration, § = 100r, is applied when the optical field strength
i5 near saturation, [a(t) =a,/5, at 1=0.2. Approximately half of the ten thousand
samplz electrons are untrapped, and have been accelerated to Av =3 during the
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interaction. The electrons near resonance are bunched and continue to drive the wave
after being trapped by strong the field. The final phase space positions outline the
closed-orbit region, and show how electrons "leak” out of the right side near the unstable
fixed-point. The final power P = 6x106, and efficiency n = 30%, are 6 times greater than
in the untapered FEL in figure 4. Several synchrotron oscillations caused by the trapped
electrons can be seenin P(1). The optical phase, ¢(t), changes at a different rate when
tapering begins.

*%% FEL Phase Space Evolution #**«*
- 3§=25000 a =20 V=0 N=30

320 2x104

P/Po—l

T oAt e e] ABlare ST ATHTN IO AT SR 2N
O O It NG = 4

-320

-n/2 g 3x/2 0 1 1

Figure 5. The single-mode phase simulation of LLNL ELF tapered ampilifier.

The main features of these simple simulations are seen in the LLNL ELF
experiments. Like many FELs that work well, their operation is simple and can be
successfully simufated on small computers. The phase-space simulations in figures 4
and 5 took only 16m running time, but could be run accurately in 2m with fewer particles.
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8. The FEL Integral Equation Derivation

The Paladin experiment with 5 m or 15 m undulator length is described by
jsm =50 or jis, = 1200. In both cases j » n and the FEL is in the high-current
regime. But in both cases, the electron beam quality leads to gain degradation so that
the FEL aistribution function becomes important. The integration of the self-consistent
FEL cquations is valid for any initial electron distribution, but simulations become
awkward when the distribution is broad in v. There can be large sources of error due
to artificial shot noise when the number of particles included in the simulation is too
smail. With a moderate current j and moderately broad spread in f(v), there can be
as much as 100% error in the calculated gain. The integral equation was developed
as a better approach 10 studying the effects of beam quality. Reference to individual
electrons does not occur in the integral equation so that broad distribution functions
can be treated and examined without the numerical problems of artificial shot noise.
The gain degradation due to beam quality is most important when the optical fields are
weak, so that the FEL integral equation can be a useful tool. The derivation of the
integral equation is presented here. Some of the simple properties of the integral
equation are presented.

The FEL equations (6) and (9) can be simplified for the case of weak fields, and
no taper, §=0. In weak fields, there would normally be low efficiency so that the
factor < v/4rN are negligible compared to unity, and the equations return to their form
for low efficiency FELs. For weak optical fields, la!l <« &, the electron phase can be
expanded in powers of the field, § =y + vot + (" + ... where the initial electron
phase is {, and the initial electron phase velocity is vo. The result to lowest order is

[ele]

LM =lal cos( L +¢)=lal cos( Lo+ voT+¢) - (18)
a’ - e-/(:_o+v01+§(’)) N e—i(gowot) (1- I-C(ﬂ )>=ij < e—l(‘;cx.vot)cu) N

The phase average over all the random initial electron phases, < e > =0, has been
used. Expressed as integrals in complex form, the equations can be soived as

e
h

ST - L de f » (Zaivg D o .\“_\:,,,\‘
S SR L ¥ G lawn e v at: ye VT (19)
pa

’
AN

,’](‘[) B ;]r) + I/ J‘(‘) d.cf s Flaeve :(1)(,(') -,

where theantial field is a(0) - aq with 0(0) - 0. Substituting the change in the electron
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phase (" into the wave equation gives the inteqral equation
et v v _ : ’ i i .
a(C) = ao+;’21J.0d,C/J‘0 dtuJ‘O d'f’”<( I(Q0+Vofr)el(€(j+vof )a<r//)+e /(€0+Vot') e I(C0+V0"“) a'(TIII)> (20)

= —2it
Use < e '™ 0

ev§°>§0:1and<e >, = 0 to get

oot v L4 . sor
a(T) — ao + 121_',‘0 d,tl Jo d't“ JO dTIII < eIV()(t ”{) a(t”,)>vo , \'21)

where <..>, is a possible average over a vo-distribution.

To begin examining the integral equation, consider a perfect beam with no vp-
distribution, and at resonance vy = 0. The leaves the case of either high or low gain at
resonance with a perfect beam. The integral equation becomes

— ;il: T ’ tl 4 t” Va4 144
a(t) = ao + Joar |, av Jo av7a@) (22)

and determines the evolution of the complex field a(t) in terms of the dimensionless
current density j. By taking successive derivatives, the integral equation can be
written as a differential equation,

W="2Lam . (23)

Using the form a = ape®, the differential equation has the form, o =ij/2. The roots

of this cubic equation are
o, = {(ji2)" eI  n =123 roots . (24)
The specific roots give the complex growth rates

oy = (j/2)1/3 eir:"ﬁ . o, = _(/‘/2)1/3 e 6 . Og= _i(j/2)1/3 ) (25)

The general field is described by

a(ty=y a, e | 126)
n:=1
wheore we know the initial field values
a(0)=ag=1asl , a(=0 , a(@=0 . (27)

Subsituting the general field into the initial field values, gives the three equations,

D
I S 2 ! ln . (144 + (l_?a?+(l3a_'330 s (‘1{31-{"(7.2282‘*(‘13233:0 (28)

Il
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Solving for the fields gives
Ao330 0380 a10pdg
a - L a,= . ag- - (29)
P (o) 0y —00) ? 7 (oga)(0gatg) P (a0 (ag-ay)

Using the complex growth rates gives a, = a, = az = ay/3, and the complex field
evolution is

a(t) = % [e(j/Z)":’(i+\f§)1/2+ eli)"i—¥3wa | e-i(//2)"31] ] (30)

If the current is large j » =, and the gain is high, the field grows exponentially,

a() = o QU232 Litjr2)" w2 (31)

The amplitude and phase of the field evolve as
a .
aml= 2 U g = ()2 (32)

Note that if the single exponential root was used alone with the initial condition
a(0) = a,, the resulting field would be incorrect. The initial field divides the field into
three solutiors at 1 « 1 regardless of high or low gain. When there is high gain, the
fast growing root emerges but has only 1/3 the initial field strength.

If T <« 1 near the beginning of the undulator, the field can be expanded to show
that

a(ty=ao(1+ijtPn2+..) . (33)

There is no change in the field until some bunching occurs. The bunching time is

g = 2/]”3'.

The FEL gain is defined as G = (lal>-a@)ad. Substituting the field into the gain
expression, the gain is

‘ er'{f;z+1 +er(3r+95)t/2+1 +eﬂr‘/§r+(,r(3/'—\’§)t/2+er(—314\'5)r/2+e r(-3s —\"5)t.«‘2+1<1 ' (34)

1
Glt) =1+ —
(1) + 3

where ¢ (j2)" 7 Simplifying the expression gives the gain on resonance for a
perfect beam,

i[ 2cosh(r31) + 4cos(r3u/2) cosh(r312) - 61 . (3%)

G(r);1
g ! -
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In tho limit of high current j » &, r = (j/2)'® » 1, the exponential gain becorses
er‘fﬁt e(j/2)m\/§1:
9 9

G(r) = (36)

The final gainatt=1is

glir)"*\3
G = — - (37)

The dimensionless e-folding time is 1, = 1/(j72)*V3, and G = exp(t/t, )/9.

Now consider a perfect beam that is not at resonance, vo# 0. The integral
equation {21) then becomes

FF 4 v v’ : se
a@=ac+ g fo a7 [y av' [o av ™ aw (38)
After taking a single derivative and multiplying through by e, the integral equation is
iv o ii et v T
" aw=7 [av [ av ™ aw) . (39)

Define the variable b = e'*a, so that b = e a + iveb. In terms of b, the integral
equation becomes

o ‘e v
- M — _I‘L K ry4 7’
b~ iveb = 7 jo dv [, av b)) . (40)

After taking successive derivatives, the integral equation is a cubic differential
equation,

B -ivgb =Lb . (41)
To find the roots use the form b = ape®*. The roots are determined by the-cubic
equation,
ol = jvg 0? - iji2 =0 (42)
The form of the solutions of the cubic equation are known and can be expressed as
Oy =81+ Sp+ivg/3
0y = —(Sy + S)2 + ivy/3 + iV3(sy — sp)2 (43)

Ug = =(Sy + S)2 + ivy/3 — iV3(sy — 52,
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where u = i[j/4-(v¢/3)%], = (vo/3)%, 51 = (U@ +u?)V)B 5, = (u~(q%+u?)?) 3. This
is an exact solution, but complicated.

In the limit of high current j » =, the cubic solution can be simplified. We get
u=ij4 , q=ve3P , s;=@u)"® , and s, =qg(-172u)"® . (44)
The roote than hacome
ay = (2u)"B + g(-1/2u)"® + ivy3
0y = (—14iV3)(2u) 312 + (—1-iV3) g(=ir2u)"3/2 + ivy3 (45)
ag = (—1=-iV3)(2u) 312 + (-1+iV3) q(-1/2u)"?/2 + ivy3

in terms of r = (j/2)'3, use 2u = ir® to write

o =i"®(r+qir)+iVg
oy = iB[(~1+iV3)ri2 + (-1-iV3)(q/2r)] + iVq (46)
og = i"3[(~1-iV3)ri2 + (—1+iV3)(q/2r)] + iVq
Using the root i'® = —j, then
a;=0+.. , 0=V3(r-—q/my2 , ayg=-N3(r-gqiry2 . (47)
The field then grows as
2= %g enl'é( 1= (vy/3r )2 )2 ’ (48)
and the gain is
Gvo) = = &™ g <o (1-vEREr) (49)

The gain expressed here is symmetric about resonance, and drops off at a value of
the phase velocity Av = 2(3V3)"3(j/2)"® = 4.22j'® away from resonance. As an
example, consider j =100, then Av =2r, and is broader than the normal gain
spectrum bandwidth, Av = . For j = 104 then Av = 4r, and is significantly broader
than the low-current gain bandwidth.

In order to recover the usual low gain formula, consider a perfect beam and small
current j. The field growth is small for low j, and the field a(t””’) = a, can be removed
from the triple integral. It does not have 10 be followed self-consistently. The integral
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equation then becomes
i T v, v ; .
= a0+ a o dv [y o' [y dv” A (50)
The integral can now be performed directly. The first integral gives
a-dap _ _lj_ T ' ivgT v 7 eiv°t" "i
2, =3 Jo dv e IO av Ve ; (51)

After completing the second ard third integral, the result is

B8 _ L _{2-ivg—(2+ivn)e’") (52)
aO 2V0

~ “where the change in the field is Aa = a—a,. The gain in the low-current case is given

by G =2Aa/ag, and is
G =2Aalay = j [ 2 — 2c08(vqT) — (VoT) Sin(vor)] / Vo2 . (53)

This is the usual low-current gain equation that can be derived without the use of the
integral equation. The change in the optical phase is

Ad = j [ 2sin(vgT) — (VoT) (1 + cos(voT))] / 2vo° (54)

and is also in agreement with the usual fow-current resuit.

9. Gain Degradation in Low Gain FELs

The FEL oscillator typically works in the low current regime where the gain per
pass is small. In this case, the integral equation can be simplified by removing the
self-consistent field a(qg) from the integral. The effect of distributions can be then
evaluated with a new analytical method. The integral equation is a triple integrat_lz init's
original form, but since it is an interated integral, it can be written as a double intégral,

TR - s .
a(t) = ag + —'21 fo ds fo ag < g Vi) >, (s—g)a(q) . (55)

where <..>, is an average over the electron beam's distribution of phase velocities v;.

That is
<y, = f_,,, dv; f(v;)(... with Lﬂ dv, f(v;) =1

The normalized distribution function f(v;) can be written in the form f (v,—vg) where all




phase velocities are referenced to some value vo. The distribution function need not
be center about vq, but is just referenced to that phase velocity. Define A = v,—vq S0
that the integral equation can be written as

T s . ;
a(ty=ap+ .’21_ jO ds J‘O daq < e~8(s-q) >4 e—tvo(S—Q) (s-q)a(q) (56)

where <...>, = L daA f(A)...), and f(A) = f(v;—vy). It is best to use v, as a reference
phase velocity for the pertfect electron trajectory through the undulator.

In the limit of low current, j < &, the field a(q) doesn’t change significantly, so
that a(q) = aq + .... . Then the integral equation can be written as

a (T)—ao

ij ¢* s iAlS— —ivg(5-q)
Pl —21 jo ds Jo dg < e7'8579) 5, 7V (s_q) . (57)

inside the integral, the factor (s—q) can be replaced with an operation on the
exponential factor,

(S_q)e_iVO(S_Q) - iavo e"iVO(S_Q) . (58)
With the substitution above, the integrand can be simplified, and the integral equation
becomes

a(t)-ao

j T s - ~ivoq
» =-La,fods [dg<e™> o™ (59)

For further development, if we interpret the exponential €29 as a power series
expansion,

. A H n
euita = y (A7 (60)
m=0 n! .

then the integrand contains a factor that can be interpreted as
(-iq)ne ™% = age™™ . (61)

With this substitution, the average over the beam distribution no longer depends on
time, but contains a derivative. The integral equation can then be written as
a(t)-ag
do

j T s —iveq
- é < exp(Ady,) >4 Ay, fo 05 [ dg €77 . (62)

The more complicated time integral containing the distribution function has been
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replaced by a simple time integral, but with an infinite sum of derivatives to be
executed for an exact expression. The simple time integral can be evaluated,

T s 1-ivgi~e"""  1-cos(vgT)+i(sin(vgT)-vqr)
J’o ds J'o dq e voq _ 0 5 = 5 , (63)
Vo Vo
and the ~omplex integra! equation becomes
a(t)-ao i 1—ivgt—€e vt
— =" é < exp(Ady ) >4 dy, v (64)

The field evolution a(t) is now determined by an explicit expression, but depending on

- the complexity of the distribution function, an infinite series of derivatives.is requires. . .

The value of the form of the integral equation is than the derivatives can be taken to
successively higher order in the spread A. The relation between the successive
derivatives and the distribution function is

< exp(Ady) >4 = j:, dAf(8) exp( Ady,) - (65)

As an example, consider the normal, or Gaussian, distribution function.
-A%2
o 71208

B —_\I-—Z—TC-OG ’

f (A) (66)

where og is the spread in the distribution. Then, the function containing successive
derivatives (s

< exp(Ady,) >, = exp(cdZ/2) . (67)

For the exponential distribution function is another example that results f{pm a
symmetric angular spread in the beam. The exponentia! distribution is )

Ao,
™o

@)= <

for A<0 (68)

where oq is the spread in the exponential distribution. In this case, the resulting

derivatives are expressed as

i exp(A(og '+dy,) 10 1
< GXD(A VO) >A= (1+—GOE)V0) o 1+0()av0
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Combining the two distributions, in the integral equation gives

am-ao __ | exp(c493/2) ) 1—ivgr—e o | 70
ag 2 1+0gdy, ° vé
This is closed form solution for the complex field evolution of the radiation field, a(z).
It is valid to all orders in 6 and o, but assumes weak optical fields and low gain.
When there is no spread due to beam quality, the expression is less complicated, and
contains only a single derivative of a simple complex function.

The gain in the low-current limit with veak fields is G = 2Re al'va,, and is

( 242 01 |
Go_ [ exp(cGay,/2) [ sin%(vy/2)
0

(71)
1+0gd,, (vo/2)?

The factor on the right is recognized as the derivative of the spontaneous emission
lineshape. The usual relationship between the gain and the spontaneous lineshape,
the Madey theorem, is generalized here to include the detrimental effects of beam
quality.

After accepting this relationship between the lineshape and the FEL gain, we can
introduce another functional form for the spontaneous spectrum. In a real experiment,
the eiectron trajectories are not perfect and most often lead to some distortions to the
idealized lineshape. Consider a Gaussian lineshape instead of the sinusoidal "sinc"
shape above:

sin?(vy/2)
(vo/2)?

For comparison of the two lineshapes, note that both have the value unity at \._}_o =0.

—v§/4n

=sinc¥(vy/2n) - e (72)

Furthermore, as vy — * o, both lineshapes go to zero. The full-width-half-maximum
(FWHM) of the sinc shape is Av, = 5.566, while the FWHM of the Gaussian shape is
Avy = 5.903. The gain is proportional to the slope of the lineshape so that

—vE/4s -v&id;
Ged, e = v 2, (73)

and the peak of the gain spectrum is given by 9, G = 0. This is determined by

, 2
—-v§/dn

0, G o= 02 o V84 _ { (vo/2m)2 — 1/2n] e (74)
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So, the gain from the Gaussian lineshape has a peak and minimum at
9o =+V2r =+ 2.51, whereas the gain from the sinc lineshape has a peak and
minimum at 9,=+2.6. For o5 =0,=0, the gain expression for the Gaussian
lineshape is

~vfian JVo e—v&’/4n

4 (79)

G(vg) = - J2- 3, €

The peak gain at 9, = V2r is G = j/2\2re = 0.12f, whereas the sinc lineshape gives
G = 0.135/. In all, the Gaussian representation works well.

With beam quality included, the gain expression can be expanded tc evaluate the
lowest order changes to the gain using the Gaussian lineshape. Expanding the gain
depression operator gives

exp(6°9Z/2)
= 2, 2 2
1—+0-ea—vo—— =1- O'eavo + (0'9 + 06/2) avo + ... . (76)
The lowest order terms altering the FEL gain are then
{ —v2
G=- é [y, — G632 + (08 + 04/2) 33 ] & 4 ... . 77)

Evaluating the derivatives gives

G = é [ vo/(27) + G (vE—2r)/(21)2 + (08 + 0&/2)vo(vé-6m)/(2m)® | €794" . (78)

Near resonance the gain above can be expanded. The result near lvgl = 0 is
Go = er? [ Vo — Gg — 3vo(0d + 63/2)2m + ....] . 79)

If vo = 0, the gain no longer goes to zero, as in the case of a perfect beam, but
G — - jog4n. The slope of the gain spectrum at vo =0 is

Go= _4J; [1-3(cf+cd)2n +....] . (80)

As either o or gg increase, the slope decreases indicating broader spectrum.

At peak gain, vy = V2r, the gain may be expanded to find the changes due to
beam quality. Let vy = V21 + x, where x « n. Then, the gain spectrum becomes

Gn:——L— + 0gx — (68 + 04/2) ] . 81
2 ZTL‘IZT[—B[R 8 (69 G )] ( )
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The first term just gives the peak gain at vo = V2r for a perfect beam. The second
term shows there is a positive slope to the gain spectrum at v, = V21 when there is an
angular spread. This indicates that the actual peak moves to the right when oq
increases. The last term term decreases the value of the gain at v, = Y21 when either
the angular spread o, or energy spread o increases.

10. SPIE FEL Review Paper

During the contracting period, Dr. Brian Newnam (LANL) put together a group of
authors to write a series of papers reviewing the status of FEL technology. | was
asked to provide a review of FEL theory. The resulting publication reference is W. B.
Colson, "Fundamental Free Electron Laser Theory and New Principles for Advanced
Devices", Free Electron Lasers: Critical Review of Technology, B. E. Newnan'. editor,
Proc. SPIE 738, 2-27 (1988).

The paper tries to establish that the fundamentals of FEL theory are now well-
established and can provide a sophisticated description of experiments over a wide
range of parameters. While new technology is being developed for systems working
from 1mm to 10nm wavelengths, the theory remains the same. The paper has 139
cited references. The topics covered the FEL electron dynamics, and the FEL wave
equation. Dimensionless variables are introduced to examine the electron phase-
space evolution. The electron trajectories through the undulator are derived with the
natural undulator focusing causing betatron motion. The study of radiation begins with
the Lienard-Wiechert optical fields, spontaneous emission, and the coupling to higher
harmonics. The collective high gain regime and gain degradation due to electron
beam quality are explored using the integral equation. The relatively minor role of
Coulomb forces is demonstrated. The effects of saturation in strong optical fields are
derived. Alternative undulator designs like the tapered undulator and the FEL klystron
are described. More sophisticated phenomena involving multiple optical modes show
the FEL coherence development, and more general longitudinal muitimode theory.
The multimode theory is then used to describe the short pulse evolution in the FEL,
and the trapped particle instability. In the transverse dimension, diffraction is included
in a general formalism. The electron dynamics in a Gaussian optical mode are
derived and the simple physics of optical self-guiding are studied.
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Fundamental free electron laser theory and new principles for advanced devices
W. B. Colson

Berkeley Research Associates, P.O. Box 241, Berkeley, CA 94701

Abstract

The fundamentals of free electron laser theory are now well-established and can provide a sophisticated description of
experiments over a wide range of parameters. While new technology is being developed for systems working from 1mm to
10nm wavelengths, the theory remains the same.

Introduction

The free electron laser (FEL) uses a beam of relativistic electrons passing through a long, transverse, periodic magnetic
field to amplify a co-propagating optical wave. The first description of the short-wavelength FEL configuration in 1971 {1,2)
was followed by successful experiments in 1976 and 1977 {3,4] at Stanford University. While closely related to earlier
long-wavelength radiation mechanisms using free electron beams and periodic undulators [5,6], the present FEL has several
important advantages over competitive sources. There are now many FEL experiments that have explored a wide range of
physical parameters and system configurations. Coliections of papers [7-31] and specific review articles [32-38] provide a
good overview of the development of the experiments and theory. Several theoretical approaches describe the FEL with the
first analyses using quantum concepts [1], and quantum electrodynamics [39,40]. Later, classical methods were shown to be
accurate and complete (41-46]. The quasi-Bioch equations have enhanced the laser physics perspective [47], while plasma
dispersion relations [48,49] and computer simulations [50,51] have emphasized the role of collective effects.

Maxwell’s wave equation driven by a beam of single-particle electron currents provides a clear, intitive description of
both the electron and wave dynamics [43,52,53]. Most FEL theoretical work now uses this approach. Theory and
experiment have been tested over a wide range of parameters and show excellent agreement. The success of the theory is
largely due to the simplicity of the fundamental FEL mechanism and experimental conditions. In the interaction volume,
there are only free electrons, a static magnetic field, and light. Furthermore, the laser’s long-range coherence means that only
a modest number of modes are needed for an accurate representation. No material constants, or empirical data are used in
the theory; classical results depend only on the electron charge, mass, and the speed of light. In this chapter, a simple
description of the electron dynamics and the slowly-varying wave equation is systematically generalized to develop a more
detailed, comprehensive theory.

In the FEL oscillator configuration resonator mirrors are positioned beyond the ends of the undulator to store short
wavelength radiation. See Figure 1. The optical power builds up from spontaneous emission noise over many repeated
passes of the tight through the resonator. "Gain-per pass, or amplification, only occurs when the light and electrons are
traveling in the same direction. In the amplifier configuration, the resonator mirrors are not used for optical feedback so that
high gain in a single pass is desirable. The electron beam current is typically larger than in the oscillator case so that
significant energy can be converted to radiation at the end of the undulator.

3
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Figure 1. FEL oscillator schematic.

e undulyor providen a periodic, transverse, magnetic field that slightly deflects clectrons from side-to-side as they
travel along the opucal mode axis. The undulator extends over an interaction length L with wavelength A in the range of
Zom o to em. The peak mavncetic ficld streagth 8 in @ neniod is from 2kG to 5kG, and the length of the undulator can extend

for a fivw meters up o several wos of meters. The number of periods in the undulator N is nominally around 100, but couid
, e 2 . . . o

B b e 10 o s neche as 10000 The energy of the electrons yme = entering the undulator can be mildly r jativistic

Oy Uy oruim robeen e 7 - b ranany from about IMeV up o a few GeVowath peak curreats from less than 1A up o
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several kA in a beam that is typically from lmm to lem in diameter. Consider a typical current and energy. say / = 100A
and yme® = SOMeV; the FEL power source is then an impressive SGW. Since the power source is inherently large, even with
small efficiency, the fraction of clectron beam energy converted 1o radiation, can result in a powerful laser,

For a relativistic electron in a weak undulator, the optical wavelength A is given by

Ay

= - (1

2}'2

This simple relationship between the clectron energy, the undulator, and the optical wavelength shows two of the most
important attributes of the FEL: continuous tunability and design flexibility. The FEL can be designed to work in new
wavelength ranges where there are now no powerful sources of light New and important regions of the electromagnetic
spectrumi wiiere FELS can operate are 10°um — 20pum and 200nm — 20nm. The design flexibility of the undulator is
another attribute of the FEL. Not only can the undulator wavelength, field strength, and polarization be selected to suit a
particular application, but the properties of the undulator can be changed along its length to attain specific interaction
qualities. In the tapered undulator operating at high power, the electrons lose energy and fall out of resonance with the light
as shown in (1). In order to compensate, the undulator wavelength A4 can be decreased to maintain resonance, extend the
interaction over a longer undulator length, and improve efficiency. FELs can be made in a variety of configurations with
different electron beam sources. The different configurations present many varied theoretical problems.

FEL electron dynamics

In order to describe the FEL electron dynamics, the classical Lorentz force equations are solved for an electron in the
undulator with a superimposed electromagnetic wave. Circular polarization is used to simplify the mathematics of the
analysis. The helical undulator field is represented by

B =(B,,B,.B,)=8 (cos(koz ),sin(kez ),0) . @
The radiation signal with the polarization that couples best to this undulator has the transverse electric and magnetic fields
E, = E (cos(kz—wt+9), —sin(kz—w( +$),0) , Bt,= E (sin(kz ~wt +9), cos(tkz—wr+¢),0) . 3)

The optical wave is traveling along the z axis with wavelength A = 2n/k = 2nc /@, field strength E, and phase ¢. In normal
FEL operation, the predominant radiation in the undulator will have a narrow distribution of frequencies and angles as in (3).

The Lorentz force equations of motion are solved for one electron in the presence of the fields (2) and (3). The

transverse velocity components Bl= (v,.v,.0)c may be integrated trivially over an undulator period by noting that the force
is a perfect ime derivative. The result is

yBl =—K(cos(koz), sin(koz), 0) + K, ( sin(kz —wt +¢), cos(kz ~o¢ +9),0) 6

where K =eB ancf, B =B is the rms undulator field strength, ko= 21/A;, K, = ¢E ARrme? is the dimensionless optical
vector potential, and E =E is the rms optical field. If the undulator and light were linearly polarized, B =B/¥2 and
E = E/N2. The constants of integration have been set equal to zero for now so that the orbits are perfect sinusoids; this is the
condition of peifect injection of an electron into the FEL. Substitute Bl above into the fourth component of the Lorentz force
to describe the change in the electron energy

KK, » \
cos[ (k+kp)z(ty-we+d] . . (5)

Y=

. ¥ ,

where v =dy/dt. The phase (k+kg)z (1) — wr +¢ determines whether an electron’s encrgy increases or decreases in ume. As
the electron energy changes, the z velocity is found by substituting Bl into the electron energy yi=1- ) 2 This gives

a2
1+ K% - 2KK, sin[ (k+ko)z (1)-we+¢ ) + K,*
Bz (ty=11- 2 . (61
Y1)
The enery and 72 velocity equations (5) and (6) with B,(t)=v, (t)c are sufficient to solve for the clectron mouon.
Reference to v "ir) can be removed to describe the clectron motion in terms of parallel components only,
KK, (=Bl (ke + @ (1-B,(0)) ) cos (k+ko)z (1) w40 )

i5,00) T Tt T T T T T T T

U+ K2 2KK, sinf (k+ko)z (0)-wr+d | + K

Ocher than ouniny perfect ngecton, no other assumptions have beea made, and (7) 15 exact. The consequences of
iperiect e ton will be decussed later. The system of Lorentz force equations has now been reduced toa single non:

Liriar, e sl e ondimaey Differential equation in 2 00), With some addittonal informaton, a much simp.er form can b
e d
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In a typical FEL undulator K ~ 1. Then, (6) shows thai only relativistic clectrons, ¥ >> 1, can travel along the whole
axis of the undulator; less energetic electrons would be tumed around in the first undulator period. The maximum value of
K, is at sawration where electrons can be trapped by strong optical fields and execute synchrouon oscxllauons
K™ - NJIN® where N is the number of synchrotron oscillations along the undulator. Ts pically, K™ < 10 ™, so that
K > K, cven in the strongest possible optical fields. From (7) we see that the changes m Lhc electron’s rclalnvlsuc z velocny
comionent are small. The unperturbed motion is z(¢) = zg+Poct where By = (1-(1+K HH'? = 1-(1+K? )2y*. The most
sigh cant optical feedback occurs when the electron phase (k+kg)z(t) —ox evolves slowly. This occurs when
o = k /(k +k,) making the undulator and ogucal forces resonant. The radiation wavelength determined by the resonance

condition is A = Ag(1-Bg)/Bo ~7\0(1+K W2y ©as in (1).

In order to solve for z (1) with these simplifying conditions assume that N >> 1 and y >> 1. Then, (7) takes the form of
the simple pendulum equation,

oo

L =v=lalcos({+¢) . ®)

where ( ) =d(..)d, the dimensionless time is T= ct/L, the electron phasc is L= (k+k 0)z —-wt, the clectron phase velocx ?'
is v = L [(k +k o), —k), and the dimensionless optical fieldisa = la le'* with la ! = (47|:N) KK, /(1+K %) = 4nNeKLE Hy*me
The exact solutions are incomplete elliptic integrals of the first kind; however, it is fruitful to derive physical results from (8)
directly. The important feature of (5)-(6), (7), or (8) is that the equations have been made slowly varying over an undulator
period. Further integration can be accomplished numerically on a small computer, or analytically with some specific
assumptions. The integration steps can jump over one or a few undulator periods, and need not integrate the motion within
each undulator wavelength as would be needed in (4). Along the whole length of the undulator T =0 — 1, the electron phase
and phase velocity ( {, v) can change significantly in strong optical fields when ia | 2 m. In the high gain limit, the field
amplitude 1al and phase ¢ change significantly along the undulator, but not within an undulator period. The pendulum
equation (8) is valid in both weak and strong optical fields with high or low gain, and has been used to solve many FEL
problems [54-61]. In high efficiency FELs {62], the energy change of the electrons is large enough so that many authors
(63-67] use the more accurate equations (5) and (6) with y > 1.

The FEL wave equation

Itis 1mponam that both the electron and optical equations vary slowly. Near resonance an electron passing through
one wavelength of the undulator has approximately one wavelength of light pass over it. The optical field amplitude and
phase in that wavelength must also vary slowly so that resonance can be maintained. To describe the evolution of the
complex optical field, we use the transverse wave equation with a source current T 1 Insert the fields (3) into the wave
equation, and use E « 0E and ¢ << w¢ to drop all second derivatives and terms with two derivatives. Projecting the wave
equation with only single derivatives onto the two unit vectors, €, and €,, we have

E=~2n]’l-€1 , and E&)=2nf’i-€2 . )
where €, = (cos®, - sin¥ 0), &, = (sin'¥,cos¥,0), and ¥ = kz—wt+4.
The current from a single electron is T, 1i= —ec 318(3) (¥ —77) where 7} is the trajectory of the 7th electron. Using (4)

with K, <« K, the current determined by the transverse motion in the undulator and the electron phase becomes
- K o4 .- eKc
Tri6 =S cosCr) 8P @-7) and T, - 6= = sin((+4) 8P (@ -7 . (10)
Y Y

The total electron current is the sum over all single electron currents. Since the left-hand side of the wave eqaation changes
slowly over several optical wavelengths, it can only respond to an average current in a small volume element a few optical
waveleagths long. The electron pulse shape from any accelerator is much longer than this volume element, and is not
distorted by the microscopic bunching of electrons on the optical wavelength scale. The electron density p remains fixed on
a macroscopic scale, and the wave equation can be expressed as [43]

E-—2nech<cos(C+¢)/y> . and E ¢= 2neKcep < sin(C+9) /v > (1

where <..> represents an average over sample electrons in the beam weighted by theg particle density p. We chose to label
clectrons by their initial conditions v(0) = v, and {(0) = {,. So many electrons ( ~ 10° ) are spread randomly over the initial
phases Lo = (k+ko)z, = kz, that the current looks uniformly spread, and the averages <..> are initally zero. When the
interacuon starts, the bunching of phases due to optical feedback gives non-zero averages, and the field evolves. When
N > Land v > 1, as in the pendulum equation, the wave equation can be put into the simple form [68]

Dl

a :A/<e"r'> , (12)
where the dimensionless electron current density is j = 8N (e nKL )2p/y ‘me?. The pendulum and wave cquation together, (8)
and (12 are vald in weak or strong opucal fields with etther high or low gain. In a high efficiency FEL where the changes
e the electron enery are latee, the wave coguation (1) combined wath (3)-(6) is more accurate.
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Dimensionless variables

It 1s desirable to find dimensionless vanables to summarize combinations of physical variables and reduce the
complexity of the notation. More imponantly, dimensionless variables can give insight into the physical processes involved
before any calculauon begins. The starting point is the clectron phase { = (k +ko)z (1)-wi . Since k = w/c and kq are fixed by
the experimental design, € follows changes in the electron’s longitudinal coordinate z(r). As scen in (7) or (8), the electron
motion is peniodic ir " with the corresponding physical "bunching length” along the beam given by A(1+A/A,) = A for y>» 1.
The opucal phase ¢ 1» followed scparately from  so that { depends only on the electron dynamics.

The dimensionless time along the undulator is t so that the evolution of all quantities is over =0 — 1. In the
pendulum equation (8), the electron phase { and phase velocity v are coupled by the dimensionless optical field strength la |
which determines the ratc of bunching along the undulator. If 1a ! > n, the optical field is strong and bunching occurs
quickly: perhaps before the end of the undulator causing sawraton. If ig1 < n, the optical field is weak. The wave
equation (12) drives the complex field a = 1a le'® in proportion 1o the electron phase average < e % > with the coupling
given by dimensionless current density ;. It will be shown later that if j < 1, the gainis low, and if j > 1, the gain is high.

Briefly descnbed in Table 1 are some of the relativistic (y > 5) FEL experiments. The radius of the optical mode wy is
used in the estimate of j as will be explained later. For most experiments, the optical power and electron-beam efficiency at
saturation can be estimated from the data shown using expressions presented later. The last eight experiments are on-going,
or planned for the future.

Table 1.  Free Electron Lasers

FEL I Yy | N Xo K A wo J Comments
(Amps) {cm) (um) | (em)

{3] Stanford '76 0.07 48 160 3.2 0.72 11 03 02 First ARF.H

I {4] Stanford " 77 2. 86 160 32 0.72 34 0.3 6 First O,RF H
[69] Stanford "80 1.3 85 160 33 0.71 34 0.14 36 O,RF.H
{70) LANL '82 20 40 37 2.7 0.55 11 0.16 1.8 ARFL5=10n
(711 MSNW/Boeing "83 3 38 91 2.5 0.44 11 0.16 2.8 AL0=33rn
[72) TRW/EG&G ’83 10 S50 75 36 0.63 11 0.17 1.6 AREFL
{731 LANL "84 40 40 37 2.7 0.54 11 0.15 36 ORFL
{74] TRW/S1anford "84 2.5 130 153 3.6 0.97 1.6 0.1 34 O.RF L ,50=4n
(75] Orsay ACO '84 0.03 326 17 7.8 1.2 0.65 0.03 0.0005 ASR,LD=100
[76] Novosibirsk "84 7 686 22 6.9 2.7 0.62 0.03 0.06 ASR,L.D=280
{77} Frascati ENEA '85 24 40 50 24 0.35 11 0.1 0.14 OM,L
(78] Orsay ACO "85 0.2 432 17 7.8 2 0.63 0.03 0.004 O,SR,L.D =100
[79] UCSB '85 1.25 6.8 160 3.6 0.11 400 1 0.35 OoVL
{80] INFN LELA ’85 0.018 1224 20 12 35 0.51 0.04 | 0.00006 ASRL
{817 LLNL ELF "85 500 7.5 30 9.8 2.8 8700 1.5 9000 AILL
[82] LANL '86 130 40 37 2.7 0.56 11 0.14 53 O.RF,L&=18n
(83] Stanford Mark 1] '86 20 87 47 23 1.5 31 0.07 32 O.RFL
[84] LLNL ELF '86 850 L 6.9 30 9.8 2.5 8700 1.5 14100 AILL
(85] LLNL ELF Tapered '86 850 | 69 30 98 24 8700 1.5 14400 AL L,6=50x%
{861 LLNL ELF 87 1600 7.8 40 9.8 1.1 2000 1.5 7200 AILL
[87] Boeing/Spectra "87 100 223 229 2.2 1.3 0.5 0.06 687 ORFL.3=92n
[88] Bell Labs 5 24 S0 20 093 240 2 2 OMH

 [89) BNL 22 | 588 39 6.5 2.3 0.6 0.07 0.25 ASRL

1 [¥0] United Kingdom 10 1 118 76 6.5 1.9 11 0.3 8.9 ORFL

C 91 LANL XUV oonn 400 750 1.6 0.79 0.08 1.6 414 O,RF.L

P192] Stanford XUV I 270 1958 | 422 6.4 1.6 0.03 0.06 37 O,SRL

L IINBS XUV T D363 | 130 1 28 | 1 02y T oox 1 06 OML

COETRLENT XUV T T TI00 140 P8I0 | 23 | 26 | 0064 | 003 1360 SR.SRA L

: ' oo e oy v b ber fos OREL

PECRE e Aceelrater 10 Inducnon Linae Accelerator, M- Microtron Acceleraiorn, SR - Electron Storage Riny,

Voo Nan D Gttt Blectronzans Aceelaater, T Heliead Undulator Polanzation, 1, - Lanear Uindulator Polanizatgon,
ot Tpesd Undulator FELL D # - Klvaron Undalator FELL A - FEL Amphitier, O - FEL O-<cllator
SEA s Baahang Arnphitecmoa Done, Sinele-Paces Undulater
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Electron phase-space evolution
The evoluton of sample ¢lectrons in one scction of the periodic (4, v) phase-space has proven useful in understanding

many FEL problems. In weak ficlds with low current (Ya | and j are both small), (8) and (12) can be easily solved self-
consistently 1o obLun [55]

1 a
VO = v sin(Go + vot) = sinGo) I +... . §(1) = Lo+ Vol - *:— L cos(8o + voT) - cos(Lo) + votsin(Cp) 1 +...  (13)
Vo Vo
J40 ) J )
la(l =ao+ —5 2 - 2c08(voT) = Vgtsin(veT) 1 +... ., ¢(1) = F [ 2sin(vgh) = VgT (1 + Cos(vgT)) | +...
2\/0 VO

where the initial field is a (0) = ap, and the inidal electron phase-spacc coordinates are 7(0) = {, and v(0) = v,. The phase-
space evolution in Figure 2 is generated by solving (8) and (12) numerically with j =1, ag=2, and vy=2, but is also
described analytically in (13). At =0, a uniform "fluid" of sample electrons starts at v,. As the electrons evolve, they
become darker, and are finally black at 1= 1. The continuous distribution of electrons initially forms a "line" across the (,v)
phase-space at vy=2. As this section of the electron beam moves along the undulator, 1=0 - 1, the line of electrons
distorts and is plotted darker until the final positions are shown in black. As a guide to the phase space paths, the scparatrix is
shown given by v; =2ta 11 —sin(C, + ¢) ] passing through the critical points (-n/2,0) and (312,0). The peak-to-peak
height of the separatrix is4la | 2 and the horizontal position is determined by the optical phase ¢. Motion along the v axis
corresponds to an increase in eiectron energy since Av = 4N AY/Y. Roughly half the electrons are initially positioned such
that work is done on them; they gain energy and move ahead of the average flow. The other half lose energy to the radiation
field, and move back causing spatial "bunching”. The wave equation (12) shows that when electrons over-populate the phase
7, then the optical amplitude is driven, and there is gain, G (1) = la(7)! /ao —1. If the bunching over-populates phase /2,
then the optical phase is driven, and there is little or no gain. In the low gain case G (1) = 21a(t)l/ag-1, the third equation in
(13) gives an analytic expression for the gain. Plotted at the right in Figure 2 is G (1) and the optical phase ¢(t). Initially,
there is no gain or phase shift from the uniformly spread electron beam. As bunching develops and drifts near tne phase n,
the gain and optical phase increase. The density of electrons at phase { is given by the phase distribution function [35]

a
f&Y=p| 1+ —% [ sin(€ - voT) — sin(Q) + vyt cos(f — vgT) 1 +... (14)
Vo

which can be calculated frem (13). 1t is characteristic of the low gain case that the optical phase shift is small so that the
changes in the position of the separatrix in Figure 2 are imperceptible.

BEE FEl. Phase Space Evolution X0BE
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on bevond the fundamentid physics of the FEL interacuon and extend the same theoretical approach 1o include a range of
diverse effects.

Flectron trajectories through the undulator

The FEL gamn depends on the detailed trajectories of electrons through the undulator [96-99]. Since K, «< K in (4),
the undulator field alone determines the path of an electron and its eventual coupling to the optical field. The transverse
amplitude of a perfect helical trajectory, KAy2ry = 0.1mm, is much smaller than the typical beam size, Imm t0 Icm. A
small, imperfect 1njection angle 8 away from the perfect injection angle (-K /v in (4)) causes the electron to drift in the
transverse direction. A co-propagating optical wave of area ﬂ:wo2 will also spread in the transverse dxmcns:on due to natural
diffraction. The length over which the transverse optical area doubles, the Rayleigh range nwo /A [100}, should be
comparable to the undulator length L = N Aq. It will be shown later [100] that for smali j, the maximum gain occurs when
the transverse optical mode has radius ~ VL A/m. If we require th% an electron does not drift out of the optical mode as they
travel together through the undulator, then we have 8 < l/(nyN ) using the resonance condition.

An electron traveling at a small angle 6 away from the z axis also has a reduced z velocuy B, Bo(1-6%2+...) that
reduces its phase velocity by Av =~ 27tN7292/(1+K2) If we require that a random spread in the 1n)e£uon angle does not
spread the phase velocity by more the gain bandwidth, then we recover the same requirement 8 < 1/(x YNy as above from
a difterent physical argument.

“in a imeariy polirizedeunduiator B = 2 (0, sin{k g2}, 0 ), perfect trajectories have a marc complicatzd mngion thap in
the helical case where B, is constant without the optical interaction; recall (7) with K, = 0. Solving for trajectories with a
perturbaton expansion in powers of K/y, we find the z motion has the form z(r) = Boct + Az (¢) +..., and is not constant
through each undulator period. The small fongitudinal oscillations cause the electron phase  to oscillate every undulator
period [101] by

AL()=kAz(1) =-EsinQwot) (15)

where £ = K *R(1+K*Y, and g = Pokgct = koct is the oscillation frequency of the electrons in the undulator. For K 2 1, the
fast, penodic oscillations are comparable to the optical wavelength and modify the interaction strength in the fundamental
and higher frequency harmonics. The electrons are taken far off-resonance through Av(r)=-4mN&cos(2wy) in each
undulator period, but since the motion is not random, the interaction continues; the interaction strength is reduced as the
clectrons spead some time out of resonance.

Imperfect trajectories in both the linear and helical undulator will also cause fast oscillations that reduce coupling to
the fundamental frequency, and cause emission and gwin in higher harmonics. In the helical case, injection at an angle gives
the oscillating phase,

2Kv86 | .
3 sin{wet) . (16)
1+K

When v 6 and K are comparable to unity, the amplitude of A{(r) is large enough to significantly alter the interaction [102].

Even with perfect initial injection, the electron trajectories can be altered by field errors in the undulator itself
[163,104). Consider the ith period of an undulator described by B; = ( 0, Bsin(kgz) + AB; ,0) with a small error AB,. We
only examine the trajectory at the end of each undulator period and ignore the Y, motion for simplicity. At the end of lhe ith
period, the deflection integrates 1o Ax; = TAK; Ay Y where AK; = e AB; Ag/2rmc?. Typically, the deflection is Ax; = 0.01lmm
if the undulaor period has a 1% field tolcrance Over many pcnods lhc electron performs a random walk'in x wah varying

step size and direction. If we take the same amount of error in each period, AK; = AK, then the typical transverse deflection
after N perinds is Ax = nWAKlO/y 0.1mm. Requiring that the transverse cxcursxons dn not take the electron out of the
o ;w al mnde, the field error must only satisfy AK < /", Typically, AK/K = 107% so that random errors are not the worst
peotiem for building an undulator; systematic errors over several undulator periods can be much more damaging.

ALY =kAz(t) =

Natural undulator focusing, betatron motion
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focuses clectrons back toward the undulator axis. Under the proper conditions, the whole beam is confined so that kgy << |
at alt points along the undulator.

The x component of the mouon is exactly integrable, and can be substituted into the y and z components. Averaging
over an integral number of undulator periods Ao, allows us to concentrate on and solve for the larger scale betaron mouon.
- Ky
y =7 2
2y

sinh(2kgy) . and B, =Py =constant |, (18)

assuming (K /y)* << 1. If the natural focusing is successful so that kgy << 1, then the y motion is given by
felo

y ®=-wgy@® . (19)
where the dimensionless betatron frequency is wg = KkoL /Y= 2rNK /y. Typically, with y= 102, N = 10%, and K = 1, we have
wg = 21, or one betatron oscillation along the undulator length.

The general solution to the betatron motion is
Lo

¥(@) = yo cos(@gt) + —— sin(@pt) (0)
where y(0) = yo and y (0) = L 6, are the initial conditions, and 0, is the initial injection angle away from the z axis along the
y-axis. Botlrinjection-on-axis at an angle~or-injection off-axis at no-angle will»rgsult in Petatron motion. The longitudinal z
motion accompanying the transverse betatron oscillations can be derived from Yy ™ = I—B since Y= 0. In the relatvistic limit
and near resonance, we can express the modification to the phase velocity as

2nN
Avg = (K%Ey§ +v%0)) . 1)

+K*?
Note that Avg is a constant of motion for the harmonic oscillations in (20) so that an electron’s phase velocity does not
change as it undergoes betatron focusing. If we require thaty&he initial spread in positions y 4 does not cause a spread in phase
velocities greater than the gain bandwidth, then kgyo < UN " “=0.1 for K =1,

In an FEL experiment, it is desirable to make the two contributions in (21) comparable because of the properties of
electron beam emittance. The electron beam quality that the accelerator and transport system present to the front of the
undulator can be described by "emittance”, €, =y o8, where y, is the rms initial position of electrons in the beam along y
and 0, is the rms initial angle of electrons in the beam along the y axis. Both y, and 8, can be changed by focusing fields at
the entrance of the undulator, but € is fixed. A wide beam, with electrons spread randomly over a large range of initial
positions y,, starts the FEL interaction with a broad range in phase velocity, even if the beam is monoenergedc. Likewise, if
a small beam is focussed sharply at the undulator entrance, the range of initial angles may degrade the electron bunching.
Matching the two contributions to the phase velocity spread requires that Kkov,=7Y8,. If we match the contributions, and
require that emittance does not spread the electrons beyond the gain bandwidth, then we have g, < Ay4YWK . Typically
(assuming K =1, N = y= 10%, Ao = 3cm), the FEL requires emittance in the range of lmm-mradian.

The example above provides no focusing of the beam in the x direction. In an experiment, external focusing magnets
are often used to confine the beam in both directions even with the aid of betatron focusing. Additional focusing in the x
direction can be ebtained by shaping the magnetic material providing the field source [105]. The gap between the magnets
on either side of the electron beam diminishes so that the rms magnetic field increases in the x direction just as in the y
direction. With a parabolic shape to the magnetic pole faces, the focusing can made equal in both x and y, and more
importantly maintains the electrons resonance condition along the undulator.

Lienard-Wiechert optical fields

The properties of the electron trajectories in the undulator determine the character of the spontaneous emission
spectrum and ultimately the FEL gain. The Lienard-Wiechert potentials [106,107] descnibe the radiation fields created by the
clectron's transverse accelerations in the undulator. The Lienard-Wiechert "acceleration field” is proportional to the
acceleration 3, and falls off with distance as 1/R ; for most FELs, the instantaneous Coulomb fields are of less importance.
Idral electron trajectories without harmonic content (K is not too large) are inserted into the expressions for the radiation

ficlds. At large distances from the undulator, near the undulator axis, Y6 << 1, the Lienard-Wiechert elecunc fields from a
helical 0y and hinear (1) undulator are
3 3
, deKy iy s 4eKy kg
Fo o - = Osialog "y, -costmgd ), o, and E| = ——— (sin(lmw ), 0,0) (22
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polarization is clear. The surength of the radiation field is proportional to the electron acceleration through K, and decays
with distance R as expected.

The retarded ume describes the relativistic Doppler shift of the radiation and the dependence of the emission frequency
on the angle 8. Far away from the undulator, the retarded time ¢ is given by 1* = ¢ — i-P(1")/c where i is the unit vector in
the direction of observation. The largest component of the electron trajectory is 7= (0, 0, Boct ) with smaller corrections
down by factors of K/y. Solving for the retarded time, we find thezﬁclds (222) have the Doppler shifted frequency of the
oscillating electrons in the undulator. The retarded time is ¢ = 2y “(/(14K “+y 292), and the resulting radiation frequency
observed is

2y% g

W= ——"""

1+K2%+ Y g2

This relation gives the frequency of radiation off-axis as well as that already derived on axis. At increasing angle off of the

undulator axis, the radiation frequency decreases dramatically as  — 1/y. For a typical electron energy y= 10" > 1, only a
small angle 8 = 10 %radians is needed to change the FEL frequency by as much as 50%.

(23)

Spontaneous emission

The electron trajectories calculated previously remain accurate during spontaneous emission because the radiation loss
15 smatk~Even-with simple, ideadized clecoon wajectories, -the radiadon’s fiequency and angular disuributions are
complicated since we have just seen that the frequency of emission changes with angle. There are many reasons to
understand the spontaneous emission process even though the FEL gain mechanism relies on stimulated emission.
Spontaneous emission is necessary for FEL oscillator start-up, or a detailed description of the development of coherence. In
the super-radiant amplifier, spontaneous emission in the beginning of the undulator is amplified by the co-propagating, high-
current electron beam. In any FEL, the spontaneous spectrum and angular distribution can be useful as a diagnostic tool for
the electron beam trajectories and the undulator quality. Harmonics, both coherent and incoherent, are also important to FEL
operation,

The relatvistic Larmor formula {106] gives the total power emitted from one electron, but with no spectral
information. With an ideal helical trajectory, the Larmor formula is easily evaluated, P = (8nrl/3) (2y°B%c/8n), and
gives a useful physical interpretation of the FEL radiation process. The first factor is recognized as the non-relativistic
Thomson scattering cross section, where rg = e/mc? is the classical electron radius. The second factor is the energy flux in
the approaching helical undulator field as "seen” in the frame of the relativistic electrons. The back-scattering of the virtual
photons from the undulator field is the fundamental process of spontaneous emission in the FEL. In the electron’s frame, the
approaching periodic undulator field is indistinguishable from a powerful, coherent electromagnetic wave; this is the
Weizsacker-Williams approximation of the scattering process [106]. Furthermore, we know that the energy of the photons
emitted is Aiw and the emission time is L /c ; so the transition rate, or emission probability for one electron passing through the
undulator is Wy = (P/R@)(L/c) = naNK 2 where a = e/fic = 1/137 is the fine structure constant. Typically, Wy =1, so that
each electron emits only about one spontaneous photon while passing through the undulator.

We can understand more details of the process by examining the dynamics of the relativistic radiation cone. Radiation
from a relativistic particle is confined to a forward cone of angular width ~ 1/. The electron trajectories above give the
maximum deflection angle ~ K/ in each undulator period. If transverse motion in the undulator has a large amplitude, the
forward radiation cone will periodically defiect out of a detector on-axis at infinity ("the search-light effect” [106]). The
requirement for the cone to stay in the detector is K < 1. If K 2 1, then radiation from several harmonics.will appear in
addition to the fundamental. However, since we do not use X >> 1 for FELs, the radiation process should be distinguished
from broad-band synchrotron radiation and bremsstrahlung.

The complete frequency and angular spectrum can be calculated without much difficulty using ideal trajectories {101-
103,108-112). The intensity distribution d“//dQd w is the energy radiated into the solid angle dQ per unit frequency
interval dw, from one electron. Figure 3 shows the radiated intensity for a linearly polarized undulator with K = 1 and
N =5. Intensity contours are plotted as a function of y8 and frequency /2y Zmo with brighter points (white) in the plane
indicating peak emission of [ 8(eyN)¥/c | x 0.047, while black areas indicate no emission; two white contours are
superimposed on the intensity plot. The scale at the top can be used to evaluate the intermediate grey emission intensities.
The angle © moves away from the z axis along the x axis. The spectral width of each emission line is determined by the
number of periods /¥ and occurs in a narrow range of wavelengths satisfying Av € 2. We have taken N =5 in this example
50 as 10 make the regions of emission more clear in the figure; normally, N ~ 100 and the regions of emission are much more
narrow and well-separated. The frequency at the line center of cach harmonic is shifted towards lower frequencies with
icreasing angle. A number of harmonics are present on and off axis. The number of peaks in each harmonic over the full

angular range s equal to the harmonic number in the linear undulator; in the helical case there is no harmonic emission on
axis.
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Figure 3. Spontaneous emission from a linearly polarized undulator.

The harmonic emission in either the linear or helical undulator is caused by the fast osciliation of the electron phase {
in each undulator period as described in (15) and (16). The phase oscillations in both (15) and (16) are negligible when
K <« 1, and there is no harmonic emission. The fast oscillation frequency 2ayg in (15) shows why the emission from the
linear undulator above has only even harmonics on axis, and the dependence on 6 in (16) shows why the helical undulator
only emits harmonics off axis.

Coupling to higher harmonics

Spontaneous emission in the harmonics indicates that gain may also be possible in the harmonics. Several experiments
have already observed harmonic emission from an FEL [76,113,114], and harmonic gain has also been measured (115]. Use
of harmonics could significantly extend the FEL tunable range to shorter wavelengths; it may also be possible for the FEL
oscillator to operate in multiple harmonics simultaneously. The self-consistent, nonlinear wave and electron equations, (8)
and (12), can be generalized to describe FEL operation in a single harmonic {101,111]. The fast oscillating phases in (15)
and (16) are responsible for harmonic emission, but we actually want to describe the slow evolution about these periodic
oscillations and recover a slowly-varying theory. The new dimensioniess current densities found below contain the coupling
factors that describe the averaged effects of the fast, periodic motion. When used in the combined pendulum and wave
equations, (8)'and (12) are again valid in both strong and weak fields with high or low gain. We average over one undulator
wavelength to_get the slowly evolving z velocity, 3, and define the dimensionless phase velocity as
v(t) =L [(k+ko)B,(t}-k]. Integration of v(t) gives the electron phase {(f)=(k+ko)z(t)}-w¢ as usual. The averaged
equations of motion then define a modified dimensionless current in the linear undulator case,

 BNR(eK [ uoya(hE) = J riyaREY LY p
JiL. = 2

3 for h=13,5,.. 24)
Y me
where £ = K*r2(1+K?%), and A is the harmonic number; 4 = 1 is the fundamental. The cylindrical Bessel functions J, cxpress
a weighted coupling between electrons and light due to the time electrons spend in periodic longitudinal motion while
ransferring energy to the optical wave. Note that the linear undulator has reduced coupling in the fundamental (h = 1)
proportional o [/4(5) - J,(8)): for K =1, this 1s only about a 20% reduction. The harmonic coupling diminishes as h
increases, but does o slowly it K 2 1
In the hehical undulator, imperfect injection can also cause emission and gain in higher harmonics. The new coupling
e calontated in the same manner as discussed above and the modified dimensionless current density s
SNR(meK T, Ol ) p
/1t Ty T for h=1,2,3,. {2
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There is also gain off axis that could be used to tunc the FEL wavelength as shown in (23) without changing the FEL electron
beam encrgy. However, confining the electron beam with the optical mode provides an imponant constraint that limits the
tunable range.

Collective high gain

When the dimensionless current densily is large j > 1, the fundamental gain mechanism in the FEL changes in
character {46,55,56,61). The high gain regime is becoming increasing important as accelerators are spccnﬁcally designed and
optimized for the FEL interaction, but presently Table 1 shows that only LLNL has reached j = 10*. Max1mlzmg J can
depend on several factors. Undulator technology appears to yield Ao~3cm, and the optimization of gain (j < K %) without
severe harmonic emission establishes that X ~1; most experiments in Table 1 show only a lmle variation in these parameters.
The electron beam density is determined by the current ana the size of the beam, p = IXI0° (A /ecnr where r, is the
electron beam radius, and the current [ (A) is given in Amperes. A typical beam density is p = 10" “cm Yfor I = 100A and
r, = lmm radius. If we assume the clectmn beam size is comparable to the optical mode size VLM, then the dimensionless
current depends only on j o IN*AY2, The penalty for mcmsmg the undulator length indefinitely is that the scnsmvuy 0
emittance and beam quality increase wnh N (recall that the gain bandwidth decreases as 1/N); the penalty for increasing the
current indefinitely is that the beam quality from the accelerator begins to decrease. Finally, we see that gain at short
wavelengths is more difficult because relativistic electrons traveling nearer e speed of light are more difficult to bunch.

The basic equauons (8) and (12) are valid in the high gain regime so we can explore the pnase space evolution
“*numerically. In Figure 4, the conunuous "fluid* of electrons starts on resonance at vo=0 in a weak feld ag="0.2 wi -
f = 50. The electrons are drawn darker as they evolve just as in Figure 2. At the beginning of the undulator near 1 =0 there
is no optical gain or phase shift as shown on the right. Because the beam is on resonance, the electrons start bunching at
relative phase {+¢ = n/2, and drive the optical field phasc ¢ in (12}, but not the amphtudc la |. Unlike the evolution seen in
Figure 2, the optical phase starts to evolve before the gain. It is when the opucal phase increases enough to shift the relative
phasc {+& towards 7 that gain begins. This is so important that the maximum gain occurs on resonasnce in the high gam
regime, where both the electron bunching and the optical phase evolve the fastest. The height of the separatrix (< la | 112y
increases dramatically because of the high gain, G = 19; the optical phase ¢(t) moves the critical points in the separatrix to
the left by about /2. In the low current case of Figure 2, the optical phase change was negligible, but it is crucial here. The
interaction is collective since all electrons interact with each other through the growing optical wave amplitude and phase.

mm_ﬁumspom[’:votrtmm

-2 —E_ &
2 ¢ 3w/2 0
Figure 4. FEL phase-space evolution in the high gain case.

The pendabam and wave equations, (8) and (12), can also be solved analytically in the high gain regime with weak
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a ()= -‘ij— fod TTFMe M a@-t) | (26)

where £ (1) = J'dq f(g)e 4 is the characteristic function of the distributon f (g ), f (g) is the distribution of initial electron

phasc velocities v; = vy+q about v,, and jdq f(g)=1. All reference 1o the elecuon phases has been removed, but there
remains an average over the distribution of initial electron phase velocities.

To solve (26), consider a pcrfect beam at resonance vo-O so f (q) g) and F(T)=1. Taking successive
derivatives, (26) simplifies to a ('t) ija{t)2. If the current density is small j — 0, or the evolution time is small T << 1, we
have the result a (1) = ao(1+ij1 312+, .} showing the initial growth in the optical phase and no corresponding growth in the
oplical amplitude. The general solution has three roots describing complex exponential changes of the ﬁcld In the high-
current limit, j>>1, the fastest growing root dominates and descnbes exponential gain G (1) = exp [(j/2)! 7 31)/9. There is
litle change in the field during the bunching time, At < (2/j)"3, that precedes exponential growth. During this time, the
electrons move from their initially uniform phase distribution Lo bunch near the phase {+¢ =m/2. As soon as bunching
forms, the high current immediately causes exponential field growth and high gain. The large accompanymg optical phase
shift, ¢(t) = (2//2) 112, is the d:sungmshmg feature of the high gain regime. Note that FELs with j ~ 10* have enormous
gain G ~ 10'Z so that saturation is almost assured.

In order to better understand the change from low gain to high gain, Figure 5 shows the surface of gain spectra
In(1+G (vg,j)) as a function of dimensionless current from j <« 1 to j = 50. In the low current region, the gain Spectrum is

anti-symmetric about resonance v, =0 and s given by the third equation in (13), G [2-2cos(v0)—vos1n(vo't)]/vo The low- - -

current gain bandwidth is about Avo m. As the current is increased, the gain spectrum distorts to become more symmetric
about resonance and the peak gain available increases. The peak of the gain spectrum moves toward resonance, and the
spectrum has a long il for vq < 0. The high gain bandwidth becomes larger with increasing current and is given by
Avy~ 4§ j

Figure 5. The gain spectrum G (v,./) dependence on j.

Gain degradation due to electron beam quality

Most FEL experiments use electron beams that do not fully satisfy the criteria for a perfect beam, and operate with a
spread in phase vclocxues that is about equal to or even greater than the gain bandwidth. Optimizing an FEL design leads 10
considering j o IN "2, but A is usually determined by the application; the tendency for shorter wavelengths to decrcase J

makes the burden of opumuauon even greater on the remaining quantities / and N. Strategy for mcreasmg J o< IN? is
limited, because increasing / tends to decrease beam quality from the accelerator, and increasing N tends to incrcase the
sensitivity to the beam quality by narrowing the gain bandwidth. Consequently, FELs are often designed to operate in the
“warm-heam” regime where there is some, but not too much, gain degradation resulting from the effort to maximize / and M.
In strong optical fields 1a | 2w, where electrons are spread tn phase velocity by the FEL interaction wtself, the initial spread
usally becomes less important in companson. Therefore, the important warm-beam regime can be explored in the weak-

ficld Liont with the integro-differential equation (26). The characterisue function F (1) i (26) descnibes gain degradation
throneh thie dsinbution of iitial electron phase velncities £ (g ) about vy [116,117]. Note that (1) and f (g) only depend on
the elecrron’s mitial condiions with the subsequent dynamics described exactly.
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In general, the electron's initial phase velocity vo+q will have a random contribution ¢ from a random clement of its
energy 4rN Ay/y, angle 21T.N7262/(1+K2). and transverse position 2nNK2k§y§/(l+K2) at the beginning of the undulator.
For example, a Gaussian energy distribution gives a Gaussian distribution in phase velocity f¢(q)= cxp[—qznoé] /‘/27\:0(;
about v, where 05 =4mN Ay/vy is the standard deviation. However, because of the quadratic dependence of the phase
velocity on entrance angle and position, the phase velocity distribution f (¢) is not the same distribution as is the spread in
angle or position. In an undulator with small betatron focusing, wp = 2rVK #y << 2r, a Gaussian spread in angles, symmetric
in x and y, gives_the exponential distribution fg(q)=exp(g/ce)/ 0y for ¢ <0; and f;(g)=0 for ¢ >0, where
ce=41cN716 /(1+K2) and 0 is the rms angle away from the z axis. An angular spread tends to give an asymmetric
distribution in f (¢) because small random angles in any direction away from the z axis will only slow down the electrons
from vy,

In a typical undulator with X ~1, there would be betatron focusing. Ignoring the lack of focusing in the x direction for
simplicity, we can use (20) to find the distribution function f (g) for an electron with rmms initial positions ¥ and angles o,
along the y axis. With a initial Gaussian distribution in y, and 6, the resulting distribution in phase velocities is

expl ¢ (Tgy+ G, )/2G4, G, ] ; [—q |Ggy—0, |
[1]

Jo,, 6

y Yy
and fp,(q) =0 for ¢ >0, G, = 4nNY28./(1+K>), o, = 4xNK%ZFq (1+K?), and Io(Z) = J iZ) is the Bessel function of
imaguwary argument. When the beam is maiched so. that 0y, =g, =@, . then we recover the exponential distribution
£ 8,(q) = exp(q/cg, )/op, for g <0; fg(q)=0forq > 0.

When the distribution function f (q) is found, the characteristic function F (1) = qu £ (g)e™ can be determined and
used in (26) 1o evaluate the evolution of the FEL optical field a (t). For the distributions given above, we find the Gaussian
spread in energy gives F (T) = exp(—cé‘rz/Z), the Gaussian spread in angles away from the z axis gives Fg(t) = (1-i GgT) ",
and the betatron focussed beam in the y dimension %ivcs Fg, (1) = [(1 - icg, T)(1-iC 1)]'“2 from (27). The matched beam in
(27) has o, = G, = G, so that Fg, (1) = (1-iop, 1) . When a beam is perfect, 0 =0, then F (1) = 1. As the optical field a (<)
in (26 starts to grow because j > 0, the integrand containing a (') also grows to further increase the growth rate. In the high
current case j > 1 with vo = 0, this optical feedback leads to exponential growth of the field. When the beam is not perfect,
6 > 0, then the magnitude of the characteristic function |F ()] decays in the integrand of (26) to describe the decay in
beam’s ability to bunch for a particular distribution f (¢). The characteristic time for decay is o' sothata poor quality beam
with ¢ > n decays quickly in its ability to bunch. The characteristic function F (1) carries with it detailed information
describing just how each distribution function f (q) would diminish the FEL’s ability to bunch electrons. It can be easily
shown that if f (¢) is symmetric, then F (1) is real, and f (¢) is asymmetric, then F (1) is complex.

Figure 6 shows the decay of the FEL gain spectrum In(1+G (v, 0)) for a Gaussian spread f(q) of increasing width
G =0 —» 8, and low current j = 1. For all distributions, the characteristic spread that causes decay in the peak gain is 6* ~r
as seen in Figure 6. At o; = 8, only about one tenth the original gain is available. As o increases, there are some common
features to all types of distributions: the peak gain decreases steadily, the initial phase velocity that gives peak gain increases
away from resonance, and the gain bandwidth becomes broader in v,,. But, the detailed structure of the G (v, , G) surface, and
the amount of degradation at any point (vo,5) can be dramaticaily different for different distributions f (¢); as a practical
matter, some distributions are clearly better than others giving us a new dimension for FEL design optimization.

fa, (@)= ] , for ¢<0; 7

20, S,

~1+G) v

Figure 6. Gain spectrum (G (v, , 0; ) degradation
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1F (")) 's ratc of decay, the decay of the beam's ability to bunch, is comparable to the optical field's growth rate (j/2)“3/2 in

the high-current limit. This comparison gives the charactensuc spread o; = jm where the beam quality begins 1o degrade
gain in the high-current limit. Since o;«<N and j BN, the resulung relauonshxp does not depend on the undulator length,
but on a comparison of growth rates along 1. For j- ~10% the increase in the critical spread 6; =20 >> g* = can be
significant. Furthermore, recall that for large j there can be extremcly large gain along the undulator so that even if a beam
has ¢ 2 ©; resulting in a large amount of gain degradation, there can be significant and useful gain remaining. The different
gains attainable from different distributions becomes greater when the current is large j > 1, because the potentially high
growth rate makes the integrand in (26) sensitive to small differences in the decay of F (1°). As more experiments begin 10
operate in the warm beam regime with larger j, the present agreement between FEL theory and experiment might be strained
as the distribution function from the accelerator and transport system are not determined accurately enough.

Coulomb forces

As the dimensionless current jo p is increased, bunching of electrons is resisted by the inter-electron Coulomb
potential. We can calculate the Coulomb force on-an electron due to the periodic density variation in the bunched beam
{56,63,101]. To incorporate the electrostatic force in the electron’s equation of motion, evaluate the longitudinal electric
field E, from ali other electrons using Poisson’s equation. With the same approximations as led to (8), the new pendulum
equation has an additional term that depends on the averaged phases of the electrons in the beam,

0

{ = v= lalcos(+d)+ —JE ( sin(Q) <cos(L)> — cos({) <sin(Q)>) (28)

where & = K /2(1+K ) The coefficient of the longitudinal Coulomb force can be written as j/4N§E =rnw (1+K ) where
0, = (dre’piy>m) ™ (Lic) is the "relativistic plasma frequency” times the "FEL interaction time" L/c. When the beam is
umform the new term is zero, but non-zero Coulomb forces develop as the optical wave causes bunching. Even without the
optical wave, plasma oscillations can grow from any noise source and have the dimensionless frequency = (j/2N) 2 when
K =1. This new frequency of oscillation can alter the resonance condition and the FEL optical wavelength [46,56] in the
high curr%nt hmn In order to get one plasma oscillation during the FEL interaction time, it is required that
J 2 2@2n)°N ~10* for K = 1. We see that Coulomb forces are negligible except for large j and extremely high gains.
Typically, there is only a small fraction of a plasma oscillation during T =0 — 1. Even when j~10", the relativistic plasma
oscillation plays only a minor role in the electron and wave dynamics where there are already dramatic collective effects due
to high optical gain.

Strong optical fields, saturation

The Maxwell-Lorentz theory described in (8) and (12) is valid for strong opucal fields where la!2 n. The
dlmensxonless field strength is given by several physical vaniables, 1a oKV ’E /y The actual optical power density
P = E%c/8r that results in strong fields depends on undulator properties, length and strength L and K, and the electron beam
energy sz:2 because they all contribute to the light's ability to change the electron phase {. A more energetic electron beam
requires more optical power or a longer, stronger undulator, to achieve the same degree of bunching as a less energetic beam.
The strong field regime is attained when the electron phase can actually be trapped in the closed orbit region of phase space.
The fraction of the electron beam energy converted to light, the FEL’s efficiency, is larger than in weak fields, but gain
decreases indicating the onset of saturation. The field strengths that give zero growth rate along the FEL amplifier, or
steady-state operation in the FEL oscillator are typically far beyond the onset of saturation, and are well into the strong field
regime. We first concentrate on the onset of saturation, and how the FEL interaction is modified from the weak field regime.

In weak fields fa | < w, changes in the electron phase {(t) remain small so that no electrons ovenak‘é’, or fall behind,
any other electrons in the beam. The result is a smooth distribution in phase as shown in Figures 2 and 4, and calculated in
(14). The amount of bunchmg, or spaual dlSlOl'llOﬂ in the beam, can be imperceptibly slight even though the gain, the rate of
change ~f the distortion, may "w 1L oo tw | = somaalec,. 5 with the proper initial conditions can overtake, or fall
behind, other electrons in lhe beam, comphcaung the distribution in phase f ({). A perfect beam, where all electrons start at
a single phase velocity v, will have infinite discontinuities in the phase distribution function in strong fields (118]. In reality,
the infinite discontinuities would be smoothed by the random imperfections in the phase velocity present in any experiment.
The electron bunch is moved too far along the phase axis of phase space, when the field is too strong. Looking at the
pendulum equation (8), we see that a bunch, once formed, at the proper relative phase for gain {+¢ = r, would soon evolve
by AL(t) ~ la | = 1o the relative phase for absorption {+¢ = 0.

A bunch formed at the relative phase L+ ¢ = rt is on a downward path in phase space along the phase velocity axis. It
1s at tis relative phase that electrons lose energy most rapidly and drive the opucai wave most efficicndy. The encrgy that
can be lost by the bunch is determined by the height of the separatrix path 4la 12 from peak-to-peak. The change in the
phase velocity is Av(t) = 41a1"? = 2 when 1a | = i at saturation. This change in the bunch’s phase velocity comesponds to
achange in the bunch’s encrgy by Av = 4nV Ay/y = 2. In strong fickds, the change in phase velocity is large enough to move
the clectron bunch acrods the gmn spectrum by as much as the gain bandwidth; the bunch moves from an energy where the
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interaction gives gain to an energy where the intcraction gives absorption. The fraction of the beam cnergy that can be
extracted by the optical wave ag saturation begins is the "natral” efficiency n* = 172N, A long undulator with N >> | may
have a larger gain since jo«Ns, but the natural cfficiency is reduced. The real efficiency of either an FEL amplificr or
oscillator can be much larger than the natural efficiency, since n* describes just the beginning of saturation, and the
corresponding small decrease in gain due to the strong optical fields.

Figurc 7 shows the result of solving (8) and (12) numerically with 2000 sample electrons in a strong optical field
a, =20 and for low current j = 1. Initially, the electrons were started with a random Gaussian spread corresponding lo ¢ = 1
about the phase velocity vo=S5. This phase velocity gives nearly maximum gain at this field strength. The small random
spread does not significantly modify the gain in this strong field, but is just included to provide an example of what a spread
in phase space looks like. The final phase-space positions of the 2000 electrons are drawn in ({,v) with the optical gain and
phase evolution in T shown at the right. The gain and phase begin (0 grow rapidly near the beginning of the undulator
because of the strong fields and the rapid development of bunching. The best bunching is formed part of the way through the
undulator at about T = 1/2, then the bunch evolves further, past the relative phase {+¢ = x around to {+¢ =0. As this
occurs, the gain first levels off and then even decreases. The over-bunched electron beam drives the optical wave, but
continues to evolve in phase so that energy is actually extracted from the light wave at the end of the undulator, and flows
back into the electron beam. The final gain G =0.03/ is significantly reduced from the theoretically possible G =0.13; in
weak optical fields.

0,03

Figure 7. Electron phase-space evolution in a strong optical field.

Not only does the peak gain decrease in strong optical fields, but the gain spectrum G (vg) changes its shape as well.
Figure 8 shows the behavior of the FEL gain spectrum as a surface G (vg,ap). The gain is calculated numetically at each
point (vg,ag) with low current j = 1. In weak fields ao < =, the gain spectrum is anti-symmetric about resonance vo = 0 with
a peak value G =0.13 at the phase velocity vo=2.6. The peak absorption, or loss, is G =-0.13; at the phase velocity
vy =-2.6. The gain bandwidth in weak fields is roughly Avy=m. As the initial field strength a4 increases to 20, the peak
gain decreases o about 25% of the weak field value. The phase velocity that gives peak gain increases away from resonance
as the ficld strength ag increcases. As the gain spectrum decreases and distorts, it also becomes broader in vo. The spectral
width, from peak gain to peak absorption, roughly follows the full width of the separatrix 4 !q | 12 as can be seen m Fxgure 8.
This gives yet another, equivalent view of the onset of the saturation process. When the separatrix height 21a 1'% becomes
greater than the phase velocity for peak gain in weak fields, vg=2.6, then an increasingly larger fraction of the beam
hecomes trapped 1n the closed orbit region of phase space. The field strength for the onset of particle trapping in strong fields
15 rouhly a,-7 as found l\dom The gain bandwidth roughly increases with the height of the separatrix above resonance,
and 15 viven by Av,y = 21al "2 in the strong field regime.

In the FEL owallator, where the gain s low 1o moderate, the optcal field grows over many passes as new clectron
el trom the acerlerator continue to amplify 1t After each pass, the optical field s a hittle stronger, and the gain
decrtban the mtern tonos o htle turther along the gy, axis in Figure 8 We expect the relatively narrow opucal spectrum o
cveds over many v, and follow the peak gainom Froure 8 as the power grows [68]. Typically, an FEL osciliator waill
pepe ceseral e e s enee fram e weealk el regmie to the strong ficld regime near saturation. As it doces so,
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the optical wavelength is obscrved to shift to longer wavelengths, corresponding to a larger initial phase velocity, just as
shown in Figure 8 [69,73]. Note that the general features of diminishing gain due to beam quality in Figure 6 are similar to
those due to saturation in Figure 8. This is not a coincidence since the strong field interaction induces a spread in phase
velocities about equal to the height of the separatrix 2la ! Y2 If we were 10 plot the gain surface show~ in Figure 8 as a
function of the induced spread 6, =2lal 7 , Figures 6 and 8 would almost be identical.

Figure 8. Gain spectrum G ( Vg , @0 ) in strong optical fields.

In the hngh current regime j >> 1, saturation begins at a different field strength, but the essential physics of saturation is
the same as has bccn discussed in the low current case. In the high gain regime, the optical field magmtudc grows as
a(t)=aqeexpl(j12)' BN31121/3. The pendulum equauon (8) shows that at the field strength a; =2(j ) the electron
phases can be shifted by as much as A{(t) = x causing the onset of saturation. For j ~ 10%, the smurauon field a; =200m can
be sxgmﬁcantly larger then the low current case as has been observed [85). The cfﬁcnency in the high currem limit is also
greater than in the low current case. The saturation field a; causes a change in the electron phase velocity Av; 2(1 2)'?

that correiponds a changc in energy Av = 4nN AYH. Thc natural efficiency in the high current limit is 1y; (1/2) 127N .
For j~10" and N~ 10%, the efficiency is typically n; =0.03. For the LLNL ELF experiment descn{)cd in Table 1,
; =0.09.

Alternate undulator designs

It was appreciated some time ago that special undulator designs could enhance certain characteristics of the FEL
interaction for specific applications [2]. The undulator period and field strength can be varied along the undulator-to alter the .
detailed interaction properties. The analogy ina convennonal atomic laser would be to change the properties of the electron
binding-potential during the radiative emission time L /¢ = 107%s. This aspect of the FELs design ﬂexxbnhty is one of its most
attractive advantages. To illustrate, we consider two designs, the "tapered” undulator and the two-stage "klystron™ undulator,
that can be characterized by simple modifications to the pendulum equation (8). The goal is to present a clearyisimple picture
while remaining conceptually accurate. More general designs are possible and will be the subject of continuing research in
the future.

At the onset of normal FEL saturation, strong optical fields trap electrons in closed phase-space orbits causing them to
lose energy and decrease the interaction strength, or gain. As the energy of the beam decreases by Ay/Y < 0 and shifts across
the gain bandwidth, the corresponding change in the beam’s phase velocity is Av = 4rN Ayfy = —-2n. In order 1o extend this
saturation limit, the undulator properties can be altered along z to restore resonance and the interaction strength {52,53]. A
change in the resonant phase velocity can be accomplished by "tapering” the undulator wavelength A4 along z, or "tapering”
the undulator field strenc.n B along z, or both. Each method is conceptually equivalent to providing a longitudinal
accelerating field £, along z to restore the energy of the electrons directly. In weak optical fields, the electron’s equation of
motion in the tapcrcd undulator is of the form v = 8t +... where d is the amﬁc:a! acc"lerauon given by & = -21N Ady/Ay when
the undulator wavelength is decreased, Ay <0, or by 3= —4nNK?AB /B (1+K %) when the undulator field strength 15
decreased, AB < 0. With tapering mcludcd the pendulum equation and wave equation have the form

e
C _v S+ lalcos(L+¢) _—j<e'g . 29
The self-consistent equations (29) are valid in weak and strong optical fields with cither high or low gain, but are not vatid
when the efficiency 15 expected to be large. When high efficiency is anticipated, so that the clectron energy and undulator
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properties change significantly, the more accurate equations of motion (5) and (7) can be used. In the limit of N > 1, the
antificial acceleration can be significant with only a small change in the undulator properties. Then, the dimensionless optical
field and current densities are to be evaluated with the un-tapered values of K, Ag, and L.

When the optical field amplitude is large enough so that a, 2 §, some electrons can be "trapped” in the closed orbits of
the pendulum phase space centered near the relative phase {+¢ = cos™" (-8/ay). In stronger fields ay > 8 with low-to-
modest current so that ¢ = 0, roughly 50% of the electrons are trapped near resonance around { = r and continue 1o lose
energy o the optical field. Tapering is only significant if the artificial acceleration exceeds the height of the separatrix in
phase space, &2 2a4'* and the natural deceleration of electrons without taper > 2n. The glectrons that are not initially
trapped, are accelerated away from resonance and eventually contribute less to the interaction. In this view, tapering is
effective because electrons near the gain phase { =& are trapped, while electrons near the absorption phase { = 0 are taken
away from resonance and eventually stop interacting; the imbalance leads to net gain. While the tapered undulator works
better in strong fields, it does not work as well in weak fields as the un-tapered undulator. For moderate tapers in weak fields,
the gain reduction is small and simply shifts the position of peak gain to vy = 2.6 - 8/2; larger tapers decrease the gain more
significantly and distort the gain spectrum [119]. A typical value of & is given by an undulator with 20% taper in wavelength
over N = 100 periods, & = 40n. For S0% trapping, the efficiency of the tapered undulator is estimated at i, = 8/8nN = 5%,
and is increased by 10 over the natural efficiency n* = 1/2N. An actual FEL system can operate at a power and efficiency
greater than these estimates since we have only anticipated where saturation begins. When the current is large j >> 1 we
have already seen that the saturation field strength is increased and grows exponentially. As a result, the fraction of the beam
rapped can be nearly 100%; an impressive efficiency of 40% has already been observed {85]. Some examples of tapered
undulators and their approximate & are given in Table 1.

While the tapered undulator is designed to enhanced the FEL in strong optical fields, the two-stage optical "klyswon™ is
a design for improved gain in weak optical fields [120-122). The FEL klystron consists of two undulator sections separated
by a dnift, or dispersive section. The drift and dispersive mechanisms are the same mzthematically, but practically, it is the
dispersive section that gives a substantial increase in the FEL gain for a given interaction length. The optical fields in the
first undulator section , the "modulator”, prepare electrons to bunch as they go through the dispersive section, and then to
radiate coherently in the second undulator section, the "radiator”. In the dispersive section, the electron-optical interaction is
effectively tumed off because the electrons are far from resonance. The net change in { is then proportional to the modulated
value of v upon exiting the first klystron section Al = D v, where D is the dimensionless time of the drift, or is a measure of
the strength of the dispersive section [122]. The self-consistent equations describing the FEL kiystron can be written
compacuy as

fele]

=v=lalcos({+®) , a=—j<e %> . for 0<T<0S,and 0S<T<1 . (0)
and AL=vD , Av=0 , at 1=05

The dispersive interaction is applied instantaneously at T= 0.5 since we know the analytic solution resulting from the drift.
Again, the combined equations (30) are valid in weak and strong optical fields with both high and low current. When (30) is
solved analytically in weak optical fields with low current (a4 and j are both small), and in a strong klystron dispersive
section D >> 1, there are many high peaks that appear in the gain spectrum. Near the peak gain, the gain and optical phase
shift are

/D . D
G(vo)szm(voD) , and d)(vo):?cos(voD) . an

The peak gain available in the FEL klystron is jD /4 at phase velocity vy = /2D . Typical dispersive sectiong, are designed 1o
give D =100 [120]. When the dimensionless current density is low, say j=10'2, the klystron design can give
G = jD /4 =25% gain where the normal undulator would have much less gain, G =0.1j =0.1%. There are several
successful experiments using the FEL klystron concept as shown in Table 1.

Coherence development

The FEL equations presented so far have been restricted to a single mode of the optical field. Because of the
relauvistic nature of the FEL interaction, modal decompositions in the transverse and longitudinal directions along the beam
have different characteristic scale lengths. The natural scale in the longitudinal dimension is determined by the gain
handwidth, 172V, corresponding to the electron-optical slippage distance N A; this is the distance that light passes over
clectrons ax the electrons travel through the undulator. At resonance, exactly one wavelength of light passes over an electron
as the electron passes through an undulator wavelength: over the whole undulator, N wavelengths of light pass over the

rewonant cloton The slippage distance M is the charactenisue length over which electrons and hght can exchange
wiborre e e ane pass. [ncthe ow-paan FREL oscerllator, the optical signal develops from spontancous emission with an
it b bt of VAL Overamany passes in the resonator, mode competition can narrow the spectrum siepificantiy
vl poe el sherenee lengthe In the ransverse dimension, the unportant scale 1s roughly the radins of the optical beam
e et enble e dee ot diffraction as it passes throuph the undulator Tength L0 In the high-rain
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amplifier configuration, the transverse mode can be distorted and focussed back into the electron beam in order to extend the
intcraction over many diffraction lengths. First, we concentrate on the longitudinal modes.

We have assumed a perfectly coherent light wave in the longitudinal direction, and it would useful to understand how
this coherence develops from spontancous emission. In the low-gain oscillator, the modes evolve indcpcndcmly, and can be
followed with the theory developed already. Each longitudinal mode, or wavelength A =2n/k, is identified by a phase
velocity v(k) = {(k +kg)P, —k]: the undulator wavelength and initial electron beam energy from the accelerator are fixed
during the evolution over many passes. The FEL gam spectrum G (v) with its ant- symmemc shape peakmg atv=261s
determined by the undulator. The spontaneous emission lineshape s (V) o< [sm(v/2)/(v/2)] is symmetric in shape with a
width Av = 2r. Figure 9 shows the shapes of the gain and spontaneous emission spectra. On each pass, the power in each
mode changes due to the spontaneous emission, the gain, and the loss or output coupling at the resonator mirrors. On the nth
pass, the change in the optical power is [40]

AP, (V)=s(V)+ P, (W)[G(V) - 1/Q ] (32)

where P, (V) is the optical power in mode v, s(V) is the spontaneous emission into mode v on each pass, G (v) is the gain
spectrum, and 1/Q is the loss on each pass for all modes independent of v. Only the optical power spectrum P, (V) evolves
on each pass.

-5 v 6

Figure 9. Coherence development and line narrowing in the FEL.

Over many passes, n =0 — 100, Figure 9 shows how the normalized optical spectrum P (v,n)/P_,, evolves from
spontaneous emission into a narrower spectrum. The peak gain is G =0.135j with j =1, and the loss is‘determined by
Q =50. The final spectrum is centered around the phase velocity v = 2.6 at peak gain, and has about 4 times the coherence
length of the spontaneous spectrum. As the spectrum continues to narrow, the development of each mode can be expressed
as a function of the second derivative of the gain spectrum expanded in a Taylor series about its maximum. A simple
expression gives the FEL optical spectrum width after n passes with current j,

Av =2r(nj)? (33)

The physical width of the spectrum is AMA = (nj i Eventually, at long evolution times, the spectral width is limited by

practical noise sources like vibrating optical components. The original Stanford FEL [69) used an accelerator with n = 10°
micropulses in cach macropulse burst; the opucal spectrum could have narrowed by a factor of 200, but was limited by short
pulse etfects as described below,

Longitudinal Multimode Theory

“ore eeneral FEL problems can couple the modes in the longitudinal direction so that a more complete theory is
rrepnred [47.53 5791 123-133), To gencralize the optical ficld in the longitudinal dimension, we fol'ow multiple positions

alony the complex wave envelope afz). The extension o spatual modes a - a(z) 1s completely equivalent to an extension
i donsiadmal wavenumbers ¢ > a (k). We normatize all loagrtadial distances to the slippage distance so that = /N A — 2.
Al tl evienaon of the theory wies a0 saizyo v vz and § oo Doz the nnmber of sites Ny needed in a parucular




problem is determined by the amount of detail to be followed in the optical spectrum. The optical field sites span a indow
of width W that is an integral number of slippage distances long; modes that are properly represented in the window are
given by

Vv, =ve— (2/W )(1 =Ny 12) where 1=0,1,2,.. Ny -1 , (34)

where ! is an integer, W = Ny, A: and Az is the spacing between sites. The mode spacing is given by Av = 2r/W | where the
window W is typically only a few, tu cnveral, slippage distances long; in most cases, W = 1 — 4 is adequalte to characterize
FEL phenomena. When the electron pulse and optical pulse are long compared to N A, periodic boundary conditions can be
imposed at the ends of the window W in order to restrict the number of modes and sites followed [130-133). The end effects
of the periodic boundary conditions are considered non-physical and inconsequential.

The generalized equalions for electrons and light are

Cove=10,1coS(Lope+ &)+ a3 ==jrae<exp(—=ilose) >ene (35)

where the longitudinal field sites z are normalized to the slippage distance N A in the window W, and refer to a position in the
optical field envelope. The light, traveling at speed ¢, remains fixed in z while the slower electrons slip back in the
calculational window. A position in the electron pulse is located at site z+1 at time T, and slips back by N in the time
1=0 — 1. The dimensionless current density j,,, is @ macroscopic variable, and does not distort due to the microscopic
bunching on a much smaller scale. When the electrons pass through the undulator, those at a site z interact with a range of
sites in the optical wave envelope; in this way, e eiectran Loam and light wave cxchange information, and the electrons
pass information from one optical field site to another. Often, the site spacing Az is made equal to the integration time step
AT, so that electrons slip back one site in the calculational window on each time step. In weak optical fields with low gain,
the step can be as large as At = Az =0.1; but in strong optical fields or high gain, At = Az =0.01, or smaller, is sometimes
necessary. A number of electrons must be followed at each site z as well; the electron phase and phase velocity must be
calculated each time step at each site. In weak fields as few as 20 sample electrons at each site is adequate, but in strong
fields, a few hundred may be necessary.

Short pulse evolution in the FEL

Many FEL oscillators are driven by short, picosecond long, electron pulses from an RF accelerator. When the electron
pulse length is comparable to the stippage distance NA = 1mm, the modal structure of the pulse current is comparable to the
gain bandwidth, and exotic short-pulse =ffects dominate the FEL interaction [123-129]. Short-pulse behavior is intirnately
tied to the time development of gain along the undulator. At the lower-left in Figure 10, the current density of a short pulse
J(z+7) is shown at t= 0 (black), and at T= 1 (whxte) in the calculational window of width W = 5. The pulse shape is taken
to be parabolic with the form j(z) = j(l—?z /o, ) for j(z)>0, zero otherwise; the pulse is two slippage lengths long, ¢, =2,
with a peak current of j =8. The optical pulsc amplitude la(z,n)! is shown at the left evolving over n =200 passes
through the resonator. The grey scale shows the peak field la(z,n)l =70 in white, and zero field in black with two
contours. On each pass, at T=0, the optical wave is not driven because the new electron pulse from the accelerator is not
bunched. At a later ime 1< 1 when bunching develops, the electron pulse slips back, and drives the trailing edge of the

light pulse. The light pulse is distorted on each pass because gain is preferentially deposited on the.railing edge of the pulse.

Consequently, the center of the light pulse appears to be traveling slower than ¢ even though in vacuum; the effect is called
"lethargy” {124]. Exotic short-pulse effects in the FEL have been experimentally and theoretically explored almost as early
as the fundamental theory. The agreement between theory and experiment describing this phenomena is probably the best
confirmation of our understanding of the FEL. -

The rebounding optical pulse, stored in a resonator of length §, arrives at the beginning of the undulator, T =0, at
intervals 25 /c ; the series of electron pulses from the RF accelerator must be synchronized to arrive at T = 0 coincident with
the light. Define d, the "de-synchronism”, as the displacement between the electron and optical pulses at © =0 each pass; d
is normalized to the slippage distance, as usual, and when d =0, exact synchronism, the electron pulse interval is exactly
2§/c. At exact synchronism, the lethargic light pulse drifts away from the electron pulse over many passes so that the
steady-state FEL power is zero. To compensate for lethargy, the path § must be reduced by d = -2AS/N A =0.001 — 0.05.
In Figure 10 with d = 0.01, the advancing of the light pulse is seen in the first 100 passes. Simulations start from an initial
seed pulse with small amplitude and arbitrary shape. The gain and resonator loss at the mirrors, determined by Q =10 as in
(32). combine to reshape the pulse until steady-state is achieved. The total power, P(n)zjdz la(z)l2 shown at the lower-

right, has increased from the sced pulse to strong-ficld saturation. The complicated optical pulse shape gives the multimode
power <pectium P{v.on) shown evolving i the middle. For reference, the single mode gain spectrum G (v) is plotted at the
bottom center for ;- % Mode compettion keeps the fundamemntal optical spectrum near peak gain in weak fields, but strong
fickd saturation will move peak gain o larger values of v as shown in Figure 8. At saturation, the trapped clectrons oscillate
mn the closed arbits of phase space on each pass. Over many passes, the frequency of the trapped particles mixes with the
lundmunml warelangth o produce sidebands, as will be explored in a later section. At the right s the evolation of the
elecimn phase veloctty distribution [ 1von) taken at the end of the undulator T =1 on cach pass; the final spread in phase
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velocity becomes broad as the field strength mcrcascs The spread induced by the strong optical ficlds is roughly given by
the peak-to-peak height of the separatrix 4 la 1"
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Figure 10. The evolution of short pulses in the FEL.

The general features of short-pulse behavior have now been observed in many simulations and several experiments.
At small de-synchronism d 2 0, the power is usually large enough to cause the trapped-particle instability, a broad optical
spectrum, and a broad electron distribution. The optical pulse is short and centered on the electron pulse as in Figure 10; it
can be modulated with sharp spikes due to the instability. When j and Q are large, the spectrum can be chaotic and much
wider than the normal gain bandwidth. At large de-synchronism, the steady-state power is smaller due to the reduced
coupling, and the trapped-particle instability cannot occur. The final optical power spectrum and election distribution are
narrow due to the weak optical fields; the center of the optical pulse may actually be ahead of the electron pulse. The
microscopic nptical pulse length and structure can be altered significantly as the de-synchronism is adjusted. The operating
range in d is typically Ad =0.05, so that the resonator length wust be adjusted within a surprisingly small range
AS = -10um.

Transverse mode theory and diffraction

Having extended the single-mode FEL theory in the lcngitudinal dimension, we now explore an extension in the
transverse dimension. The simple wave equation (12) becomes the parabolic wave equation introducing the natural process
of diffraction that changes the optical wavefront along the undulator even without the FEL interaction. 'I'he theoretical
approach is general enough to include betatron motion, arbitrary undulator designs, optical mirror arrangement¥, and driving
currents with no assumptions about x-y symmetry in he transverse dimension. The optical field is given spatial dependence
in the transverse and longitudinal dimensions a (x,y .z £ ) instead of using a modal decomposition {134].

Anticipating the development of longitudinal coherence, the complex optical field envelop is taken to be slowly
varying in z and t with polarization dctcrmmed by the undulator. Thc transverse cocrdinates are nommalized to the
characteristic mode size (L M/m)” 2 o that x (/L X) — x and y (/L M . In the longitudinal dimension, we normalize
to the slippage distance N A, and use the substitution (z—ctYNX — z. Introdur‘ing the dimensionless time t = ¢t/L, the wave
equation takes on the form of the parabolic wave equation

i { .7 J 1 . Lol .
- Vie—lalx,y,z,0)=-<je eyt e (36)
[ gt |
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exp(i AtV 3/4), we work in Fourier space where the operator is diagonal and may be efficiently implemented numerically
[134). The optical wavefronts a{x,y) can now be correctly propagated forward in time, and the beam current will amplify
the w ave w here j(x,y) 1s non- zero. When the transverse size of the electron beam and the wavefronts are much larger than
(L 22)"", the operator exp( xArV /4) = | over the propagation distance At = 1, and diffraction can be ncglcc(cd The self-
consistent evolotion of the clcctmn current is governed by the Lorentz force equation for each electron in the beam. The
pendulum equation has the same form as before with § — {(x,y z+1,7) and v — v(x y .z +1,1). The theory is now fully sclf-
consistent in 4 dimensions {x ,y,z,1); a simulation would introduce arrays of sites in (x,y ) at each longitudinal site z in *35).
The 3D clectron array ia (x,y,z) moves with respect (o the 3D optical array at every step AT because of slippage.
The solution to (37) in free space (f = 0) is called a "Gaussian” beam after its shape in the transverse dimension,
dyg - _ 4 rZ(I—Tw)
expl—r'iw () zolexplid(t)] . and &(t)=-tan [(t-1, )z + ———
w (1) 22 +(1-1,)°
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(r)= (38)

L/\

where r = (x* +y ) w?(1t) = l+(1—t,,) /zo , and the dimensionless optical wave amplitude is a=4nVeKLE Y ‘mc? as
usual, where £ is the physical electric ﬁeld amplitude at the center (r=0) of the mode’s waist positioned at 1. The
dimensionless Rayleigh length is zo = nw? /L A where wy, is the physical radius of the mode waist; z, is the physical Raylexgh
length (nwd IA) compared to the undulator length L. As zo— o, 50 that w — 1, ¢ —0, we have plane waves of infinite
extent. The radius of the wavefront is z¢' at the waist T =1,,, and spreads due to diffraction as T moves away from 1,, ; the
arca of the bean doubles a5 il projagates 2 distance AT = x5,

Electron dynamics in a Gaussian optical mode

In the low gain FEL oscillator conﬁgumtion the optical mode is primarily determined by the resonator and diffraction.

The radius of Survature, R., of resonator mirrors that are separated by § gives a dimensionless Rayleigh length

14, = (28R, -SsH"nL; typically, R, is comparable to the undulator length L so that z;, ~ 1. ‘To illustrate some of the effects

of the SGaussian beam on the electron dynamics, consider the pendulum equation in the weak optical field (38) ay <« 1 with
low current and a largc Raylexgh length z5 > 1.

C —v= agexpl—r¥izq] cos [ C0+(l—r Iz )2z + (Vg — (l—-rzlzo)lzo)‘t +o. ]+, (39)

where we have taken 1,, = 0.5 so that the mode waist is optimally centered along the undulator. The field strength seen by
electrons diminishes off the mode axis, and the initial electron phase is altered; since the electrons are ini*ially spread
randomly, the new phasc is inconsequential. However, the phase vclocny of the clcclrons is Shlfwd by the diffracting optical
field; vy o vy~ (1-r %z0)/z. The phase veloclty for maximum gain is now vy =26+ (1-r /zo)/zphand the resonant
optical wavelength is shifted by AAVA = (1-r /Zo)/zﬂ'-NZo When the electrons approach the mode waist zy *, the shift goes w
zero, but at the center of the mode r=0, the shift can be as large as the gain bandwidth when z¢ = I [100].

If the Rayleigh length is much larger than the undulator length, the optical mode is too wide, and the field amplitude
that bunches electrons diminishes. If the Rayleigh length is much smaller than the undulator iength, the optical phase shift
can upset bunching and diminish gain. Solving the pendulum equation numerically in the field (38) with r =0, the opumum
Raylzigh length »as been found to be z4 ~ 0.3 in weak optical fields {100].

FEL optical self-guiding

n mc case of large current j > 1, the transverse optical mode can be significanuy distorted by the electron beam. It
has been shown theoretically that the large optical phase shift associated with the high-current regime actuaily focuses the
light back into the elecron beam ({135-137]. This is an important practical advantage for the high-gain amplifier
configuration where natural diffraction would provide a limitation to a long undulator length. The effect is called "optical
mnding”, and allows the electron beam and light to continue interacting over many Rayleigh lengths.

In order 10 understand optical guiding, consider a small electron beam in the middle of a co-propagaung optical wave.
In free space, the optical phase at the center of a wavefront evolves as A¢ = — At/z, for a small step At. The FEL interacuon
alen r:)’/i&f’"ﬁ the wavefiont as described in (36). If we average (36) over the transverse Gaussian mode area nizg for a small
e AT, wee can appraximately recover the simple form (12) with the new dimensionless current j — jF where the "filling

HRENU "r",‘r—.:,, 15 the rato of the electron beam arca to the optical mode arca {1}, The quanuty JF o pf7 does not
Aepeiel on the elesron beam ared, but only (m lhc current within the optical made. In the high-current regime where
Lot e al phoee vnlven an A (O y AT/ 20 We see that FEL interaction mduces a phase shift that is oppoe

ool ratgral it non, andd ’Ju'rr,‘lur:-, !t)('l' s the Tieht hack o beam alony 1.

Poocrter o opn absnadios to pera g othe FREE interaction must continuadly compensate tor the phase shatt as oo
TR '- RS ) .
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simpler relation estimating the critical current density needed for optical guiding,
- -3
¥ =322 . (40)

If the normalized Rayleigh length 1s small, say z¢=nwg 2ILA=0. 2, natural diffracuon would spread the light over a large
Lmnsvcrsc area after mc interaction length At = 1. Opucal ﬁuxdmg can compensate in a typical high-current case where
Jj = 10° > J* =4x 10°. Note that the relations Jj* = l()zo o, and j* =32 Zn3 do not depend on the length of the undulator
L but express a comparison between the rates of natural diffraction and FEL focusing along 1.

Figure 11 shows a simulation that solves (36), together with the pendulum equation, numerically to illustrate FEL
optical focusing. The electron pulse is taken to be long, so thatno z dependencc is followed; in the transverse dimeasion, the
electron beam is symmetric in x-y with the parabolic shape j(r)=j(1-r Y202 .) for j > 0,and 6, =04. The peak density is
j =200, and the initial phase velncity of the beam is vo = 0 for maximum gain in the high-current case. A Gaussian optical
mode is focused near the beginning of the undulator at 1,, = 0.01 with a Rayleigh length z4 = 0.2, and an initial field strength
ay =10 at the center of the mode. The field amplitude la(x,t)i grows along 1, and reaches a peak value ia(0,1)! =33
(white) at the end of the undulator; points cf zero field amplitude are shown as black. The scale at the top-right indicates the
field amplitudes plotted in grey, and severz contours following points of constant amplitude are superimposed. Without the
FEL interaction, the mode would smootily spread in z because of natural diffraction, but the contours show how the
wavefront is focused back into the electron beam.

XXX FEL Optica Guiding  ¥I00EX
J=200 o X=O,4 oo=10 zo=0,2
v, r 0,01

P =31 P =640 E.
jol 332

Figure 1. Ontical guiding in the FEL.

The trapped-particle instability

The extensions explored so far have considered effects in the longitudinal and transverse dimensions up to the onset of
saturation. Typically, the FEL amplifier or oscillator can go beyond the onset of saturation, and may well encounter the
trapped-particle instabifity {130-133,135,139]. In the simulation of short pulses, we noticed that the optical spectrum
developed sidebands at saturation. In order to study the effect without the complications of a short pulse, periodic boundary
condiuons may be taken at the ends of the computational window W . Physically, this corresponds to studying a long pulse,
or a CW bheam, where translauonal invariance can be used to examine only onc of many repeated sections in the optical
mode. Relation o4y determmines the mode spacing and spectral width that can be represented. The periodic boundary

ondition oapphied by each vanable T W2 Ty W2 vz W2y = v(z W2, and a (W 2y = a (z+W2).

Phe crnmn ot dhe msadaliy s woh the motion of wapped electrons in phase-space [138). When the FEL reaches
Borher wer turaneen, the hewrhic of the ceparaine e daree, and many electrons are trapped i the closed orbits of phase
g T b crrent deneary o nnt oo e tirtier evolution of the opucal ficld i stowed due to the reduced gam at
gt PR sl oo et e ceneer o ghe phase-space, near the ontcal pomt at phase I 0 x)) execute

Yo
-

; Dl e o e apped electrons near pha e 15 descnbed by




- 68 -

Vo
Ly =L*+ — sin(vs1) 41

Vs
for the initial position ({*, Vo). The synchrotron, or trapped-particle, oscillation frequency is vg = (agsin({* ))"? =
When substantial current is trapped, and oscillates at frequency vg, the wave equation drives multiple frequencies around the
tundamental. The sidcbands appear at vy % v, and are shifted away from the fundamental wavelength hy AMA = vo/2nN
The fractional shift is simply interpretated as the ratio of the "number of synchrotron oscillations along the undulator” lO the
number of undulator periods. The field strength required to cause one oscillation of the trapped electrons is ag = 4n” = 40.
The corresponding peak-to-peak height of the separatrix is 4ag”> = 25, so that most beam quality effects are minimized.

Figure 12 shows the result of a simulation with periodic boundary conditions in a window of widith W =2,
corresponding to two slippage distances along the beam. The long electron beam is described by current j = 8 at all points in
the window, and interacts with the optical field window for n = 200 passes. Each pass, the electrons start uniformly spread
in phase at each site z, and at phase velocity Vo= 3. The resonator loss on each pass is determined by Q =6 as in (32).
Without some source of noise, every site z would evolve identically, and no spectral features could develop. We start the
real part of the optical field with a random component of standard deviation 8a = 1 in a normal distribution about the average
value ay = 1. The resulting steady-state solution is insensitive to the noise source; many alternate noise sources have been
tried, with the same final result. The simulation results do not depend on a,, 84, or even v,. (If vo=—2.6 were used, so that
there is initially absorption, the small frequency components at v = 2.6, due to the noise, would grow over many passes until
the same final result as Figure iZ 18 auained; the only diffarence would be the larger aumber of passes required to reach
steady-state). The electrons and light slip past each other in the calculational window W, just as in the short pulse simulation
of Figure 10.

17
ag 2.

XXX FElL. Wrop Evolstion XEEEXX
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Figure 12. The trapped-particle instability with periodic boundary conditions.
In Figure 12, the power grows to normal saturation rapidly, in about 20 passes. At normal, single-mode saturation, the
(5 (n) (shown at the botiom-left) drops, and the optical power P (n) (shown at the bottom-right) is constant for about 100
passes. During this ume, the optical field amplitude 1a(z,n)1 evolves {shown at the left) and develops a modulation equal
0 one 'hpp'*", distance; the calculational window is two slippage lengths long. The grey scale shows the peak ficld

amplitnte 1' cnoi 46 n white, and zero field in black with two contours. The onset of the trapped-particle instability
beeins when the optcal power 15 sufficient to cause one synchrotron oscillation of the trapped electrons on each pass. As the
st \:t:,) .1;k it e opueal field sites and exceute one synchrotron oscillation, they modulate the wave envelop. The
povc e un P 0v ey o sthe ideband frequency associated wath the modulation of the field envelop. The peak field of
Con oo e bt e MO pacies, and a dynamac steady-stae s achieved. The modulatuon peaks continues 1o move
Py a0y ey rate over many passes ag the otal power and power specirum remam constant. When the
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The general features of trapped-particle instability in the FEL oscillator depend only on the dimensionless current j
and the loss factor Q. Increasing either j or 0 makes the trapped-particle instability more severe. Numerically, some
source of noise is essential, but the details are not important. In steady-staie, there are just a few synchrotron oscillations of
the wapped electrons in cach pass. Over many passes, the optical wave “sees” many repeated synchrotron oscillations at the
same frequency, and the sidebands grow to saturation. Most of the normal values of j and Q give rise to the instability as
ha< been observed experimentally in the LANL FEL [82]. In fact. it is not easy to make j and Q small enough so that just a
single sideband occurs as shown in Figure 12. A slight increase in either j or Q@ will produce more sidebands at multiples of
vs away from the fundamental; then a chaotic spectrum with many lines develops. The chaotic spectrum [132) does not
reach a steady-state, and is several times wider than the normal gain bandwidth.

The FEL amplifier with high current density j >> 1 can reach high power in a single pass. The growth rates are large
enough that electrons can be trapped early in the undulator, and begin executing synchrotron oscillations. There can be
several to tens of synchrotron oscillations along the undulator, but these are the only oscillations experienced by the optical
field. Even with far fewer synchrotron cycles than in the oscillator case, the large current density j can give significant
sideband gain once trapping occurs. The sources of noise are much more important in the FEL amplifier than in the FEL
oscillator. Suppression of input noise at the sideband frequency could be an important method for avoiding the trapped-
particle instability in amplifiers.
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11. Distribution Functions Describing FEL Beams

The integral equation developed in an earlier section can be used to study the
effects of beam quality in high current FELs, like LLNL Paladin FEL. In order to use
the integral equation to examine the effects of beam quality, several different
distribution types are developed. The distributions in the electron phase velocity are
derived in terms of the velocity spread and angular spreads in the beam. Only the z
component of the electron velocity occurs in the definition of the phase velocity,
v = L{(k+ko)B,—K].

The integral equation can be written as
o - :
a(t) = —'21 Jo ds s F(s)e " a(t-s) , (82)

where a(t) is the complex optical field, a(0) = a4 is the initial optical field, j is the

dimensioniess current density, and

Fis)=[_ dg e f(q) . (83)

is the characteristic function of the electron distribution function f(q). The
characteristic function is just the Fourier transform of the electron distribution function
f(q), and f{(q) is the distribution of the initial electron phase velocities v, = vo+q about

vo. The distribution function is normalized, {dqf (q) = 1.

The characteristic function is the important factor that carries the affect of the
electron distribution function to the FEL optical field. When the distribution is narrow,
f(qg) = 8(0), the characteristic function has the value F(s)=1 so that the field
evolution depends only on the dimensionless current j and the initiai phase velocity vq.

The initial field growth rate is zero, because the initial value of the integrand of (82) is

—ivp$s VoS

= se ap=0. Later in time, the integrand becomes sF(s)e_' a(t-s) and is
proportional to the field strength. Recalling the derivation of the integral equation, note
that the integrand measures the development of bunching in the electron beam as a
result of the presence of the field a(t—s). As bunching develops, the field growth rate
5(1) increases leading to further growth. When the distribution function is broader, we
will see that the magnitude of the complex characteristic function decays in s along
the undulator length. The detailed features of the decay retard the development of

bunching and the increase in the growth rate due to bunching. Ultimately, it is the
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shape of the electron distribution function that determines the decay in the beams
ability to bunch.

The imaginary part of the characteristic function is 2 measure of the asymmetry in
the distribution function. The imaginary part is

F-F"* o . .
Fn=—""=1 [ dg (e f(q)-e" 1*(q)) . )
Since f(q) is a probabilistic function, itis real, f = f*. So

Fim =1 [~ dg e[ fa)-f(-a)]. (®5)

If the distribution function is symmetric, f(q) = f{—q), then the characteristic function,... .

F(z), is real. If the distribution function is asymmetric so that f(q) # f(—q), then the
characteristic function is complex.

When the distribution is directly a function of the electron energy or B,, the v-
distribution has the same form as the f,-distribution. The spread can alsc be related

to the energy spread, og =4nNAyy. An example is the Gaussian, or normal,
distribution,

e ~v;~vo)¥205

f(vi) = T Bren (86)
where o5 = LKA, relates the characteristic velocity spread AB, to og.
The Gaussian distribution function shape can be written as
e-(v,—vo)Z/zcg e-q2/2og«
fvi) = " ron => f(q) = ron (87)
The corresponding characteristic function is
Flo=]_ dg e f(g)=]_dge™ Eadiaid (88)
e - V2rog
or
Flr)= e °6°7 (89)

The characteristic function is real, because the Gaussian shape is symmetric.

The magnitude of F(t) decays exponentially with a characteristic time og. Bunching
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in the integrand of the integral equation decays rapidly as the spread o is increased.
For large og » 1, the growth rate of the optical field is severly reduced by beam
quality.

A similar simple shape is the Cauchy, or Lorentzian distribution,

fvj) = — ! . (90)

oL (1+(vi~vo)*/of)

The characteristic function is evaluated from

= i 1 1
F(r) = dqe" | — ——— , 90
(=]_dq [ML 1+q%f] (90)

and is
Fity=e" . (91)

The characteristic function is again real, because the Lorentzian is symmetric. The
decay is exponential with a characteristic iime of', but the form of the decay in the
integrand of the integral equation is different than in the Gaussian case.

An anguiar spread in the beam gives a more subtle relation to the v-distribution,
because the electron’'s z velocity is quadratically dependent on the angle of
propagation with respect to the undulator. At present, we do ot consider betatron
motion, so that this analysis is only appropriate to weak undulators with K small. For
small angles 0 with respect to the undulator axis, the electron’s z velocity is reduced
by

B, = PoCosO = Po (1 —6%2) . (92)
The corresponding change in the phase velocity is w
v(0) = L{(K+ko)Bo—K—(Kk+ko)BeB/2] = V(0)-NAok8%2 = v(0)-2rNY?6%/(1+K?) . (93)
A misalionment of any sian. + 8. gives the same decrease in the electron’s z velocity.

When the angular spread in the x and y directions are unequal, the v-distribution
is considerably more complicated. Take the probably of an electron in the beam
entering the undulator with angle 8, in the x direction, and 0, in the y direction, to be
given by

2 2 2 2
o PPRAR p0pA)

p(()) = \']E_;"’A'ﬁ "\’{:2_;//\‘"* WhCre 02 = 03 + 05 B (94)
v Ay v
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where the spread in the x direction is A, and the spread in the y direction is A,. The
angle away from the undulator axis is 8% =02 +02. The formal expression of the
distribution function is

e-ef/Zsz e—e;"/aA,2
f(vi)= X X 8(vj+vo+2nNy 402 + 02)/(1 + K?)) (95)
9,'5 eyls 21tAxAy
The delta-function is evaluated by
8(.) = 8(6,-9,,)(1+K?)/4nNy %8,, (96)
where the roots are
. - 2 2 172
8y =% [ VoV )(1+K?)2KNy *~6 2 : : (97)
and
0 Znax = (Vo—Vi Y(1+K?)2aNy 2 (98)

so that 8,, is real. Inserting the root and evaluating the delta-function leaves only one
sum over 0,'s,

o VoK 26 03287 0528] (4 ye2y

e
6,s 4nNy?2y (vo-v;)(1+K?)2nNy 2_93 2nA, A,
To simplify the expression define
4nNy °Af 4Ny %A2
Oox = — 5 » and Ogy = ————5 100)
o 1+K?2 4 1+K2 (

After some manipulation, the remaining integral has the form

—(v0 v;)/ gy —X(VrVi)(Gex‘Cey)'acexcey % (101)
f(v:) = dx o
i) = \Cox oy J VX (2-x)

The integral can be found in Gradshteyn and Ryzhik, p. 315, and the final v-
distribution is

f(v) =

=(vo=v;)oa,t JOy)/200x Goy /'(v —V ) lo —O, |
e o} [¢] g
0[ d X Yoy (102)

OgxCay

for v, < vy, and zero otherwise. Since Jo(x) = Jo(—x), the argument of the Bessel

function can be written as (g, — Gy, ) — [Gx — Gy |-

20gx0qy
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In the case that og =0, , Jo(C) =1, and the electron v-distribution becomes
the exponential distribution,
fvi) = Ak . (103)
Op
where og = Gg, = 0o, = 4nNy 2AZ/(1+K?). We will derive the exponential distribution
later from the more basic approach.

The distribution function for the asymmetric angular spread can be written as

q [Uexmey}
200xOay iq| !
e q |Ggx—Ogy
f(q) = J . (104)
NOgxOgy ° [ 2044 Oy
for g < 0, and zero for g > 0. The corresponding characteristic function is given by
0 X qA«r lce ice l
Ft)=[_ dg e" —E—— Uy(igA.) where A= — (105)
J VoexOgy * 2060
The integral can be found on p. 707 of Gradshteyn and Ryzhik, and gives
F(t) = L (106)
\/oexcey\](A+—lt)2—A_2
Using the definitions of o, and g, the characteristic function is found to be
F(r) ! (107)

h Vi-iog,t \/1—i09y‘t

The asymmetric exponential electron distribution function from a symmetric
spread can be written as

G

flvi) = T => f(q)= - , (108)

e—(\’o‘Vi)/C‘a e q/cp Y

for g <0, and zero for g >0, and og is given above. The characteristic function is
given by

0 ) eq"“o
F(z) = f_m dg e | = , (109)
0

and is

Flr) = . (110)
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The characteristic function of the exponential distribution is again complex, becduse
f(q) is asymmetric. The amplitude decays more slowly than the Gaussian or
Lorentzian cases.

These examples are derived from realistic physical conditions, but mainly form a
set of distinct shapes that serve as candidates for studying the affect of shape on the
FEL interaction properties. An experiment is usually not able to predict the shape of
the electron distribution function so that precise correspondence is not the goal. The
main interest is to establish the importance of shape.

12. FEL Theory in Weak Optical Fields

The integral equation was used to evaluate the effect of gain degradation with
several distribution functions. The characteristic function for each of the distribution
functions was calculated as in the last section of this report, and then used in the
integral equation. The publication reference is W. B. Colson and J. Blau, "Free
Electron Laser Theory in Weak Optical Fields", Nuclear Instruments and Methods in
Physics Research A256, 198 (1987).

The gain degradation from various electron beam distributions determines
important design criteria for the accelerator-laser interface. The theory presented in
this publication uses a convenient, yet powerful, method of including an arbitrary
electron distribution function in a self-consistent integral equation for the complex
optical field. The niethod has advantages over a plasma stability analysis or a
numerical particle simuiation.

The FEL integral equation is proving to be a useful theoretical tool for evaluating
gain degradation with electron beams of poor quality. Furthermore, the electron
distribution function shape can have a significant effect on the amount of gain
degradation in an FEL system. There are important opportunities here to optimize the
coupling between the FEL and its electron source. It may also be possible to make
further improvements in the performance of an FEL by altering the electron distribution
from the electron source as it travels to the FEL undulator; wake field effects caused
by the electron pulse interacting with the metallic walls of the transport channel can
change the distribution.
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Sectior VI. Theoretical! !igics

North-Holland, Amsterdam

FREE ELECTRON LASER THEORY IN WEAK OPTICAL FIELDS

W.B. COLSON

Berkeley Resear h Associates, P.O. Box 241, Berkeley, CA 94701, USA

J. BLAU

Physics Department, University of California, San Diego, CA, USA

In weak optical fields, free electron laser dynamics can be expressed in the form of an integral equation. The integral equation is
used to evaluate the gain degradation from various electron beam distributions and determine important design criteria for the

accelerator-laser interface.

1. Introduction

The iree electron laser (FEL) uses a relativistic elec-
tron beam to amplify a co-propagating electromagnetic
wave passing through a periodic undulator [1]. In either
the high-g in amplifier or the more modest-gain oscilla-
tor, maintaining coherence of the electron bunches over
a significant interaction length imposes important re-
strictions on the electron beam quality. Electron accel-
erator and storage ring technologies usually present a
trade-off between beam current and beam quality that
make it essential to accurately evaluate the role of beam
quality in the high gain regime. It is particularly im-
portant for FELs designed to operate at XUV or X-ray
wavelengths (2). The theory presented here uses a con-
venient, yet powerful, method of including an arbit.ary
electron distribution function in a self-consistent in-
tegral equauon for the complex optical field [3}]. The
method has advantages over a plasma stability analysis
or a numenical particle simulation {4-11].

2. Beam quality in some typical experiments

In order to better understand the detnmental effects
of poor beam quality consider .ome sumple examples.
Coherent bunching of the electron phases 1s the key
element to any FEL gain mechanism. The electron
phase with respect to the combined optiral and undu-
Pror foree, s

v [ T M S g

-~

where o Ie ok 2e0 ey the optical waveleaath,
K Tooa s the v dabator waelength, and zooy s an

catton The electian™s phae veloaty

A A T

.

where the dimensionless time is T=ct/L, L= NAy is
the undulator length, and B,c is the electron z velocity.
Two electrons with different z velocities owin,, to an
initial energy difference Aymc?, will have a phase spread
4w NAy/y at the end of the undulator. The natural
dimensionless quantity with which to measure an en-
ergy spread is therefore 0 = 47 NAy/y. When o = 7, the
phasz spread is = 7, and coherent bunching begins to
be degraded.

An angular spread is also possible due to the fin'te
emittance of an electron beam. An electron of energy
ymc? entering the undulator with a small injection
angle has its z velocity reduced. The natural dimension-
less quantity with which to measure an angular spread
is

0, =47Nv2A92 /1 + K?),

where K =eBX,/27mc? with B as the mms undulator
field strength, e 1s the electron charge magnitude, and
Af, 1s the width of the actual spread. When o, = =, the
resulting phase spread =, so that coherent bunching
begins to be degraded as with the energy spread. These
dimensionless quantities allow us to compage different
types of beam distributions on the same basis

In the Maxwell-Lorentz FEL theory {3], the high-
gain regime can be descnbed using the dimensionless
current density

J=8N( e:rKL)Zp/*,rlmcz.

1, the
FEL operates in the low-gain regime with the peak gamn

where p 15 the eleciron partcie densuty. If =

(/= 0135, the gan spectrum 15 centerad at an intial

I

phase velocity v, == #(0) = 2.6 with a charastenste wudth

Seo=1 I ;- 1, the FEL operates 1 the lueh-cain
recime with the peak gamn G o= explt; 21 viL9, the

cun apectram s conterad at the resonant phase velodr
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Table 1
Comparison of some FEL experiments and their respective

bea.n qualities

J o 9y N

Stanford (1930) T =107 =107" 160
LENL ECF induction

wnac 1 1989) 25090 2 23 30
LANL linac (19864} 60 10 ! 36
Boeing /Spectra hinac

(1986) 800 29 22 230
LANL XUV hinac 2000 10 2 750
Stanford XUV storage

nng 500 2 =107 237

» = 0 with a characteristic width §v, = 4,175,
Table 1 compares some experiments and their re-
spective beam qualities. As can be seen, many experi-
wents are now well into the high gain regime, but also
sutfer some gain degradation due w beam quality.

3. The !'LL integral equation

T accurately e aluate the effects of electron beam
guality in erther the high or low gain regimes, we use the
FEL intezral equation [3]. The complex electric field
eavetors F = | Eje'® of the light wave is governed by
L alaklvevarving wave equation and electron Lorentz

foioe equation (127]

f:;-;:1aico>(§r¢). (1)

ANTeNLEy me? s the dimensionless opit-
fourrenuth, and ¢ ) represents a normalized
ciectrons an the beam. Electrons are

soeied By ther iital phase-space coordina.ss §(0) and
vo- e Inowesk opucal fields, Ja| < 7, the reference

o the ndis dual eiectron phases can be explicitly re-

oo combiing the equatons in (1) o obtain

i) S ds | dglexp( v (s-g)) >
5
5
G )t (=)
woieere v puaal optoal Geld s woy  ta ] = ay, and
+ . 3
oy The e beonos ey oner the il
; RS IO e e )
! Ay i i
oD ooy devinhiation o fione

Gaussian:

cxp[ ~(v,— vy )Z/Zaé]

fo(v,)) = for all v,, 3
¢ V27 og )
Lorentzian:

1
fi{v) = - forali v,, (4)

70, (1 + (v, = %) /0})

where o5, o, =47NAy/y for an encrgy spread. The
lLorentzian has a fwhm of 20, with a peak value 1 /7g,
located at »y; The Gaussian has a fwhm of 2.35 o5 with
a peak value 1/y2nog also located at y,. The two
distributions are comparable in shape for the same
spread, but we will find that their resultant gain de-
gradation can be quite different.

A distribution due to an angular spread is asymmet-
ric, because electrons can only be slowed déwn by
traveling at a random angle with respect to the z axis.
Each distribution is found from

f(v)=28(v,— vy +2aNYB1/(1 + K*))p(8,).

where p(6.) is the probability that an electron in the
beam is propagating at angle #,. If the angular spread is
symmetrnic in x—y, a “circular spread”, the distrnibution

function becomes the exponential distribution

ﬂ[-("o_”.)/%] for v <uw
t Q-

fo(v,) = Oy (3)
0 otharuise,

where g, is the charactensuc angle away from the :
axis. For a spread of angles in a plane, a “lincar
spread”, the distnbution function is

[ expl ~(vo=")/0.]
folr) = § 7 (% = %) %,
W0 othervs,

where gy, 5 the characteasuc angular sprezd in the
x-direction. The distmbutions (3) through (6) are our
examples of different electron distnbuton func.. ns
resulting from energy spreads and angular spreads

[n order to introduce the distnbution fufictions nto
the integral equation, we note that eq. ¢2) can be wntten
1 the {form

-5

Yo . g .
alw) ~a, -+ —,)/ dy[ dggFig)ye ™™ ais - g).

- Il
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properties. For the distributions (3) through (6) above
we have
Gaussian:

£y () =exp( - 0j7/2).

Lorentzian:

Fo(r) =exp(—o.7).

circular:

Fo(r) =1/(1 —iopm).

and linear:

Fo (r)=1/\/1 —igg,7 "~ ®

Each of these factors describes the characteristic decay
in the integrand of eq. (7) while the current density j
increases the size of the integrand as the optical field
a(r) grows. Note that the imaginary part of F(r) is a
measure of the asymmetry in the distribution function.
If f(»,) is symmetric, then F(r) is purely real. If f(v))
is antisymmetric, then F(7) is complex.

S. Gain degradation with modest current

In both fig. 1 and fig. 2 there are four surfaces
plotted. Each shows In(1 + G(#;, 0)) with spreads o =
og. 0y, 0g Of 0y, (the Gaussian, Lorentzian, circular, or
linear distributions are used). For a given current J,
each surface starts with the same gain spectrum G(¥,, o
=), but as the amount of spread o increases, there are
features common to all the types of the distributions
examined:

- the peak gain decreases steadily,
~ the y,-position of peak gain increases away from

resonance (¥, = 0),

- the gain spectrum width around peak gain becomes

broader in v,.

These qualitative features are common to nearly all of
the distributions examined, but the details of the de-
gradation can be dramatically different.

Both figs. 1a and 1b are symmetric distributions, the
Gaussian and Lorentzian, in an FEL with j = 10%; this
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current is characteristic of a moderately high-gain FEL
oscillator. For o5 = o =0, the peak gain is In(1 + G) =
4.4, or G =80, and is positioned just above ¥, = 0; the
gain spectrum width is about 8y, =4,'/¢=9. Near
vy = —10 and o = 0, there is large loss, or negative gain,
so that In(1 + G) < 0. Note that logically, G > —1, and
that when In(1 + G) — — oo, nearly all of the light is
absorbed. Surprisingly, at ¥y = —5, o5 =8 in fig. la,
and at vy = -2, o = 8 in fig. 1b there is also large loss.
In this parameter region, it is possible to decrease the
beam quality, (that is, increase o) and increase the FEL
gain. To our knowledge, this is previously unknown in
FELs. Increasing the Lorentzian spread o, causes the
gain peak to move less far from resonance than does the
Gaussian spread og.

Figs. 1c and 1d show asymmetric distributions due
to the circular and linear angular spreads, o, and oy,.
At large spreads these distributions both have large
absorption * troughs”™ that are somewhat independent of
vy. The linear spread appears to be less susceptible to
degradation than the circular spread.

—
SR

S
R
i

=3
-~
W

6. Gain degradation with high current

Fig. 2 represents an FEL with large current, j = 10¢,
characteristic of a single-pass FEL amplifier. The peak
gain near resonance for 6 =0 is now up to In(l1 + G) =
27 or G =8 x 10"". The general trends outlined for fig.
1 are stll valid, but details have changed because of the
higher current density j. The linear angular spread
appears more resistant to gain degradation than the
circular spread. In these cases, an FEL could withstand
factors of 10% less beam quality depending on the
specific beam distribution shape. Note also, that it is
possible to find regions on the gain surface where
increasing the energy spread can actually increase the
gain.

The FEL integral equation is proving to be a useful
theoretical tool for evaluating gain degradatipn with
electron beams of poor quality. Furthermore, the elec-
tron distribution function shape can have a significant
effect on the amount of gain degradation in an FEL
system. There are important opportunities here to opti-

}=10000
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mize the coupling between the FEL and its electron
source. [t may also be possible to make further im-
provement in the performance of an FEL by altering
the electron distribution from the electron source as it
travels to the FEL undulator; wake field effects caused
by the electron pulse interacting with the metallic walls
of the transport channel can change the distribution.
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13. Analysis of Paladin at L = 5m Length

Some of the most important work of the contract came as a consequerice of
reviewing the 5m Paladin experimental observations. It was noticed that the measured
gain spectrum was 5 times wider than the natural undulator spectrum. The Paladin
experiment provides a unique opportunity to observe how the FEL gain spectrum can
be determined by the electron bsam wvelocity distribution instead of the natural
undulator spectrum. The natural gain, or undulator, spectrum has a width, = 1/2N,
that is determined only by the number of undulator periods, N =62, over an
interaction length of L = NAy =5 m. More of the Paladin parameters are discussed in
an earlier section of this report.

For reference, the figure below shows the natuial gain spectrum for a pertect
beam with j = 50. There is no significant loss region, and the peak gain is G =21
near resonance.

Gain 21

§=50

-35 v 35

Gain spectrum with j = 50 and an ideal beam.

For more realistic beam distributions we consicer candidates from a Gaussian
spread where o5 =4nN<by>/v, a symmetric angular spread where
0y = 4nNY?<80%> / (1+K?) and 80 is the characteristic angle of an elestron in the beain.
For Paladin the observed brightness establishes that o5 = 10, or oy = 10, but the

shaped is diswribution is left unknown.

The weak-field gain snectrum was measured at 10.6um optical wavelength by
varying the undulator field strength 8 over a small range to change the resonance
condition. The gain spectrum was observed to be roughly antisymmetric in shape with
a peak gain (and absorption) of G © 0.5, and a width = 5 times that of the natural

undulator spectrum. The shape, overall width, and peak value of the measured gain
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spectrum are dramatically altered from the idealized gain spectrum, and in this case,
are determined primarily by the distribution of electron velocities along the undulator
axis. The FEL integral equation is used to estimate some of the detailed features of
the electron beam distribution from the 5m Paladin gain spectrum measurement. The
gain spectrum shape and width yield unique information about the actual emittance,
energy spread, undulator focusing, and beam positioning in the experiment.

Below are the gain spectra for j = 50 and og = 10, and oy = 10.

35
Vo

Gaussian spread.

-35 5
Vo 3

Exponential distribution from a symmetric angular spread.

The gain spectrum information was compared with the experimental gain spectra,
but there is so much shot-to-shot variation in the current and beam energy that the
gain spectrum shape was difficult to determine. The gain evolution along the
undulator, described below, became a much better method of finding the best
distribution function shape.

14. Phase-Space Evolution in Paladin

The integrai equation (82) can be used to solve for the evolution of the complex
optical field, a(t). When the history of the field evolution is known, the pendulum
cquation (7) can be used to recreate the phase-space motion of some sample
alectrons. In the examples here, the tapering factor & is set cqual to zerc because it

was not incorporated in the integral equation initially, and the facter (1-3v/d=zN) — 1
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because the integral equation assumes weak fields. The integral equation is solved
numerically and the complex field a(t) is saved at each t-step. From the known
quantity a(t) = la(t)lexp(i¢(t)), we determine v(t) and {(t) by numerically integrating

L (1) = v(z) = la@)! cos( L + o(1) ) - (111)
The integral equation solution is valid for any weak optical field so that a, is chosen to
illustrate the electron motion most clearly. The initial field value is selected so that the
maximum <=lectron phase change A{ is about r, but no electrons over-take or fall-
behind any other electrons.

The figure below illustrates the phase-space evolution as determined by the
integral equation. The parameters are chosen to characterize Paladin witha L =15 m
undulator. The dimensionless current is j = 1200 and the spread in the v-distribution
is 6g =50 with a Gaussian shape. The gain, in(1+G(z)), is piotted against 1, the
undulator length. The beginning of the undulator is t=0 while the end of the
undulator is T= 1. After a small bunching time 15 = 0.05, the gain is exponential and
reaches the final value G = 35 %. The optical phase grows linearly in T and reaches
the final value A¢ = 0.04. The phase space piot in ({,v) shows the fina! position of
several sample electrons, but the distribution is actually continuous. The sample
electron are initially spaced uniformly in { and v and the larger, darker sampie
electrons represent more real electrons at the peak of the Gaussian distribution. The
center of the initial distribution is above resonance at vy = 50 for maximum gain under
these conditions. Most of the sample electrons remain close to their initial positions,
but those near resonance are distorted slightly because of bunching. The separatrix
path, v2 = 21al[1+sin{{;+0)], shows the only region in this weak field, ap =2, that is
affected by the interaction. Only a few of the electrons participate in the interaction
when the beam quality is poor. The result for these Paladin parameters is a great
deal of gain degradation because of beam quality.
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1n(1+G)

150 R A

/2 'C N 1

~150

For comparison, the integral equation is solved below to find the phase-space
evolution for a nearly perfect beam with 65 =1 and j = 1200. The peak gain in this
case is at the initial phase velocity v, =0, and the initial weak field is chosen as
ap = 0.1. After some bunching time tg = 0.25, the gain grows exponentially to a final
value of G = 1.€x105, while the phase shift is A¢p > =. In this case, the whole beam is
represented by sample electrons all starting at vy = 0. The bunching in the beam is

clear, and more importantly, it is clear that the whole beam participates in the gain
process.

*** FEL High-Gain Phase-Space **x

J=1200 - vo=o 0G=1

25 | 1n(14G) 12.0

-25

— ) UHNI A

-n/2 { 3n/2 0 T




-89 -

15. Paladinat L =15 m

One of the highlights of the beam quality research is to identify characteristics of
the Paladin 15 m experiments that are unique to the distribution function shape. The
distribution function shape in a complicated accelerator and transport system like
Paladin is hard to predict. But, an emittance filter was used to decrease the current
and improve the beam quality entering the undulator. T. Scharlemann performed a
detailed study of the filter and transport system, and conciuded that the distribution
function shape looked something like the exponential dictribution given above.

Below is the phase-space evolution found by solving the integral equation with
the exponential distribution of width o, =150, and j = 1200. The beam is started at
vo =12 for maximum gain under these conditions. The maximum gain is found

experimentally by searching through undulator field strengths K.

*** FEL High-Gain Phase-Space ***
j=1200 v =12 0g=50

112 1In (14G) 0.9

¢ & B 4 6 00 0 0 0.0 s 4 e s " e o e s

V) MR T e

-112

-n/2 C 3n/2 0 | T 1

The range explored changes the observed gain primnarily because the resonance
condition is changed rather than a significant change in j. The large, dark dots
represent .1e peak in the exponential distribution and the small dots represent the tail
towards smaller values of v. As usual, only a small part of the beam contributes to
gain and most electrons are not significantly affected by the interaction.
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A surprising and distinguishing feature of the evolution above is the gain
evolution, G(t). The other distribution functions presented above and the others that
have been examined do not have the dramatic plateau of zero or even negative gain
about half way along the undulator at © = 0.5. The optical phase evolution ¢(t) also
shows the plateau feature, but less dramaticaily.

The gain along the Paladin 15 m undulator was measured, and presented at the
April '88 American Physical Society Meeting {D. Prosnitz, T. Orzechowski, et. al., APS
Meeting, Baltimore MD (April 1988). The results on the next page also show the
prominent plateau in the middle of the interaction length. While noi conclusive, it
appears that the shape of the distribution function in the Paladin experiment has
resulted in not only 1 decrease in the gain from an ideal beam, but a change in the
time-evolution of the interaction strength or growth rate. It is remarkable that the
Paladin distribution function can "wait" until half way through the undulator and then
turn off* the FEL interaction. Even if the Paladin plateau is not caused by the
exponential distribution (as the evidence suggests), it has been shown that the
exponential distribution function shape can produce a plateau in the gain evolution,
G(7).
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16. North-Holland FEL Review Paper

During the contracting period, a review oaper describing the theory of FELs was
completed. The paper will Chapter 3 of an FEL Handbook published by North-Holland
and is titled "Classical Free Electron Laser Theory". The topics covered in the chapter
are dimensionless variables and experiments, electron trajectories in the undulator,
spontaneous emission, the FEL optical wave equation, FEL electron dynamics, the
low-current, low-gain FEL, the collective, high-current, high-gain FEL, FEL coupling to
higher frequency harmonics, gain degradation due to beam quaiity, strong optical fields
and saturation, the FEL klystron and tapered undulator designs, FEL Lagrangian and
Hamiltonian, mode competition and coherence development, longitudinal muitimode
theory, the FEL trapped-particle instability, short optical pulses in FEL oscillators, FELs
using waveguides, FELs using a Gaussian optical mode, and general transverse mode
theory and diffraction.
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